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❙t✉❞✐❡s ♦❢ t❤❡ ❙♦❝✐❛❧ ❈♦st ♦❢ ❈❛r❜♦♥ ❛ss✉♠❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✐s ❛ st♦❝❦ ❡①t❡r♥❛❧✐t②

❢♦r ✇❤✐❝❤ ❞❛♠❛❣❡s st❡♠ ❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧✳ ❍♦✇❡✈❡r✱ ❡❝♦♥♦♠✐❝ ❛♥❞ ♥❛t✉r❛❧ s②st❡♠s

❛r❡ ❛❧s♦ s❡♥s✐t✐✈❡ t♦ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✇❛r♠✐♥❣ ♦❝❝✉rs✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ st✉❞② t❤❡

♦♣t✐♠❛❧ ❝❛r❜♦♥ t❛① ✇❤❡♥ s✉❝❤ ❛ ❢❡❛t✉r❡ ✐s ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❉❛♠❛❣❡s ❝❛✉s❡❞ ❜② ✇❛r♠✐♥❣

r❛t❡s ❞♦ ♥♦t ❛✛❡❝t ♦♣t✐♠❛❧ ❧♦♥❣✲t❡r♠ ✇❛r♠✐♥❣✱ ❜✉t t❤❡② ❞❡❧❛② t❤❡ ✉s❡ ♦❢ t❤❡ s❛♠❡

❝❛r❜♦♥ ❜✉❞❣❡t✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s✱ ❝❛r❜♦♥ ♣r✐❝❡ s❤♦✉❧❞ st❛rt ❤✐❣❤❡r✱ ❛♥❞ ✐♥❝r❡❛s❡ s❧♦✇❧✐❡r

t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❛♠❛❣❡s st❡♠♠✐♥❣ ❢r♦♠ t❤❡ ❧❡✈❡❧ ♦❢ ✇❛r♠✐♥❣✳ ❚❤✐s r❡s✉❧t ❤♦❧❞s

♥✉♠❡r✐❝❛❧❧② ✇❤❡♥ ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ✇❡❧❢❛r❡ ❧♦ss ❢r♦♠ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✳ ❚❤✐s s✉❣❣❡sts

t❤❛t ♠✐t✐❣❛t✐♦♥ str❛t❡❣✐❡s t❤❛t ♦✈❡r❧♦♦❦ ❡✛❡❝ts ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡ ♠✐❣❤t ❧❡❛❞ t♦ t♦♦

r❛♣✐❞❧② ✐♥❝r❡❛s✐♥❣ t❡♠♣❡r❛t✉r❡ ♣❛t❤✇❛②s✳

∗
❊♠❛✐❧✿ t❛❝♦♥❡t❅❝❡♥tr❡✲❝✐r❡❞✳❢r
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▼❛♥② ❤✉♠❛♥ ❛❝t✐✈✐t✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜✉r♥✐♥❣ ♦❢ ❢♦ss✐❧ ❢✉❡❧s✱ r❡❧❡❛s❡ ❣r❡❡♥❤♦✉s❡

❣❛s❡s t❤❛t ✇❛r♠ ✉♣ t❤❡ ❛t♠♦s♣❤❡r❡ ❛♥❞ ❝❛✉s❡ ❞❛♠❛❣❡ t♦ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡s❡ ❞❛♠❛❣❡s

✐♥ ❡❝♦♥♦♠✐❝ ❛♥❛❧②s✐s ❛r❡ t②♣✐❝❛❧❧② ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ st♦❝❦ ❡①t❡r♥❛❧✐t②✱ ❞r✐✈❡♥ ❜②

t❡♠♣❡r❛t✉r❡ ❛♥♦♠❛❧②✱ ♦r t❤❡ st♦❝❦ ♦❢ ❛t♠♦s♣❤❡r✐❝ ❝❛r❜♦♥ ❞✐♦①✐❞❡✱ t❤❛t ✐s t❤❡ ✧❧❡✈❡❧✧

♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✳ ❍♦✇❡✈❡r✱ ❡❝♦♥♦♠✐❝ ❛♥❞ ♥❛t✉r❛❧ s②st❡♠s ❛r❡ ♥♦t ♦♥❧② s❡♥s✐t✐✈❡ t♦

t❤❡ ❧❡✈❡❧ ♦❢ ❝❤❛♥❣❡✱ ❜✉t ❛❧s♦ t♦ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ✐t ♦❝❝✉rs✱ ❢♦r ✐♥st❛♥❝❡ ❜❡❝❛✉s❡ r❛♣✐❞

❝❤❛♥❣❡s ❝♦♥str❛✐♥ ❛❞❛♣t❛t✐♦♥ ❛♥❞ t❤✉s ✐♥❞✉❝❡ ❣r❡❛t❡r ❞❛♠❛❣❡s✳ ❋❛✐❧✐♥❣ t♦ ❛❝❝♦✉♥t

❢♦r t❤✐s s❡♥s✐t✐✈✐t② t♦ ✇❛r♠✐♥❣ r❛t❡ ♠❛② ❢❛✈♦r ❡♠✐ss✐♦♥ ♣❛t❤✇❛②s ❢♦r ✇❤✐❝❤ ❣❧♦❜❛❧

t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s t♦♦ ❢❛st✱ ❣✐✈❡♥ ❡❝♦♥♦♠✐❡s✬ ❛❜✐❧✐t② t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ❝❤❛♥❣❡✳

❚❤❡r❡ ✐s ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ s♣❡❡❞ ♦❢ ❝❤❛♥❣❡ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ✇❛② ❡❝♦❧♦❣✐❝❛❧✱

❝❧✐♠❛t❡ ❛♥❞ ❤✉♠❛♥ s②st❡♠s ✇✐❧❧ ❜❡ ❛✛❡❝t❡❞ ❜② t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡✳ ■❢ ❡❝♦s②st❡♠s

❤❛✈❡ ❜❡❡♥ ❝♦♥❢r♦♥t❡❞ t♦ ❞✐✛❡r❡♥t ❝❧✐♠❛t✐❝ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ♣❛st✱ ✇❤❛t ♠❛❦❡s ❝❧✐♠❛t❡

❝❤❛♥❣❡ s♦ ❝♦♥❝❡r♥✐♥❣ ✐s t❤❡ ♥❡✈❡r✲s❡❡♥ r❛t❡ ❛t ✇❤✐❝❤ ✐t ✐s ♦❝❝✉rr✐♥❣✳ ▼♦r❡ r❛♣✐❞ r❛t❡s

♦❢ ❝❤❛♥❣❡ ❧✐♠✐t t❤❡ ❛❜✐❧✐t② ♦❢ ♥❛t✉r❛❧ s②st❡♠s t♦ ❛❞❛♣t ✭▲♦Pr❡st✐ ❡t ❛❧✳✱ ✷✵✶✺❀ ❍♦❡❣❤✲
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❚❤❛❝❦❡r❛② ❡t ❛❧✳✱ ✷✵✶✵✮✳ ❈♦♥✈❡rs❡❧②✱ s❧♦✇❡r r❛t❡s ♦❢ ❝❤❛♥❣❡ ❣✐✈❡ ❡❝♦s②st❡♠ t❤❡ t✐♠❡ t♦

❛❞❛♣t t♦ ♥❡✇ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ✭❡✐t❤❡r t❤r♦✉❣❤ ❜❡❤❛✈✐♦r❛❧ ♦r ❣❡♥❡t✐❝ ❝❤❛♥❣❡s✮

♦r t♦ ♠✐❣r❛t❡ ✐♥ s❡❛r❝❤ ❢♦r ♠♦r❡ ❢❛✈♦✉r❛❜❧❡ ❝❧✐♠❛t❡s✳ ❆ st✉❞② s✉❣❣❡sts t❤❛t ❢♦r ✸✵✪

♦❢ ❊❛rt❤✱ ♣❧❛♥t s♣❡❝✐❡s ✇♦✉❧❞ ♥♦t ❜❡ ❛❜❧❡ t♦ ♠✐❣r❛t❡ t♦ ❦❡❡♣ ♣❛❝❡ ✇✐t❤ ♣r♦❥❡❝t❡❞

❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✭▲♦❛r✐❡ ❡t ❛❧✳✱ ✷✵✵✾✮✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ❤♦❧❞s ✐♥

♣❛rt✐❝✉❧❛r ❢♦r s②st❡♠s ✇✐t❤ s✐❣♥✐✜❝❛♥t ✐♥❡rt✐❛✱ s✉❝❤ ❛s ✈❡❣❡t❛t✐♦♥ ♦r s♦✐❧ ❝❛r❜♦♥ st♦r❡s

✭❏♦♥❡s ❡t ❛❧✳✱ ✷✵✵✾❀ ❙✐❤✐ ❡t ❛❧✳✱ ✷✵✶✽✮✳ ❈♦r❛❧ r❡❡❢s ♠❛② ❛❧s♦ ♥♦t ❜❡ ❛❜❧❡ t♦ ❛❞❛♣t t♦

r❛♣✐❞ r❛t❡s ♦❢ ❝❤❛♥❣❡ ✭▼❛②♥❛r❞ ❡t ❛❧✳✱ ✷✵✵✽❀ ❍♦❡❣❤✲●✉❧❞❜❡r❣✱ ✷✵✵✾✮✱ ❜❡❝❛✉s❡ t❤❡ r❛t❡

♦❢ ❝❛r❜♦♥ ❛❜s♦r♣t✐♦♥ ❜② t❤❡ ❞❡❡♣ ♦❝❡❛♥ ✐s ❧✐♠✐t❡❞ ✭▲❡♥t♦♥ ❡t ❛❧✳✱ ✷✵✵✽✮✳

❘❛♣✐❞ r❛t❡s ♦❢ ❝❤❛♥❣❡ ❝❛♥ ❛❧s♦ ❝♦♥tr✐❜✉t❡ t♦ tr✐❣❣❡r ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ✐♥ t❤❡

❝❧✐♠❛t❡ s②st❡♠✱ ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ✬t✐♣♣✐♥❣ ♣♦✐♥ts✬ ✭▲❡♥t♦♥✱ ✷✵✶✷❀ ▲❡✈❡r♠❛♥♥ ❛♥❞

❇♦r♥✱ ✷✵✵✼❀ ❙t❡✛❡♥ ❡t ❛❧✳✱ ✷✵✶✽❀ ❲✐❡❝③♦r❡❦ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ st❛❜✐❧✐t②

♦❢ t❤❡r♠♦❤❛❧✐♥❡ ❝✐r❝✉❧❛t✐♦♥✱ ❛s ✐t ✐♥✈♦❧✈❡s ✇❛t❡r ❝✐r❝✉❧❛t✐♦♥ ✢♦✇ ❛♥❞ t❤✉s t❤❡ ♠❡❧t✐♥❣

r❛t❡ ♦❢ ❣❧❛❝✐❡r✱ ✐s s❡♥s✐t✐✈❡ t♦ ❜♦t❤ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❛♥❞ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✭❙t♦❝❦❡r ❛♥❞

❙❝❤♠✐tt♥❡r✱ ✶✾✾✼❀ ▼❛r♦t③❦❡✱ ✶✾✾✻✮✳ ❆ ✇❛r♠✐♥❣ ♦❢ ✵✳✸ ◦❈ ♣❡r ❞❡❝❛❞❡ s✉st❛✐♥❡❞ ♦✈❡r ❛

❝❡♥t✉r② ❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ❝♦❧❧❛♣s❡ ✐♥ t❤❡r♠♦❤❛❧✐♥❡ ❝✐r❝✉❧❛t✐♦♥✱ ✇❤✐❧❡ t❤❡ s❛♠❡ ✇❛r♠✐♥❣

♦❢ ✸◦❈ r❡❛❝❤❡❞ ✇✐t❤ s❧♦✇❡r r❛t❡s ♦❢ ❝❤❛♥❣❡ ✇♦✉❧❞ ♦♥❧② ❧❡❛❞ t♦ ❛ s❧♦✇❞♦✇♥✳

❋♦r ❡❝♦♥♦♠✐❡s t♦♦✱ ❝❧✐♠❛t❡ ❞❛♠❛❣❡s ♠❛② st❡♠ ❜♦t❤ ❢r♦♠ ❛ ❝❤❛♥❣❡❞ ❝❧✐♠❛t❡ ❛♥❞

❢r♦♠ ❛ ❝❤❛♥❣✐♥❣ ❝❧✐♠❛t❡✳ ❋❛st❡r ❝❤❛♥❣❡s ✐♥❞✉❝❡ ❣r❡❛t❡r ❝♦sts ♦r ❧❡ss ❡✣❝✐❡♥t ❛❞❛♣t❛✲

t✐♦♥ ✭❍✉♥t✐♥❣❢♦r❞ ❡t ❛❧✳✱ ✷✵✵✽❀ ❙t❛✛♦r❞ ❙♠✐t❤ ❡t ❛❧✳✱ ✷✵✶✶❀ ◆❡✇ ❡t ❛❧✳✱ ✷✵✶✶❀ ❙♠✐t ❛♥❞

❲❛♥❞❡❧✱ ✷✵✵✻✮✳ ❋♦r ❞❡❝✐s✐♦♥s ✐♥✈♦❧✈✐♥❣ ❧♦♥❣ t✐♠❡s❝❛❧❡s✱ s✉❝❤ ❛s ✉r❜❛♥✐s❛t✐♦♥ ♣❧❛♥s✱

tr❛♥♣♦rt❛t✐♦♥✱ ❜✉✐❧❞✐♥❣✱ ♦r ❢♦r❡str②✱ ❢❛st❡r r❛t❡s ♦❢ ❝❤❛♥❣❡ ✐♠♣❧② t❤❛t ✐♥❢r❛str✉❝t✉r❡s

✇✐❧❧ ❜❡ ❝♦♥❢r♦♥t❡❞ t♦ ❛ ❧❛r❣❡r r❛♥❣❡ ♦❢ ❝❧✐♠❛t❡ ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡✐r ❞❡s✐❣♥

♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♠♦r❡ ❡①♣❡♥s✐✈❡ ✭❍❛❧❧❡❣❛tt❡✱ ✷✵✵✾❀ ❋❛♥❦❤❛✉s❡r ❛♥❞

❙♦❛r❡✱ ✷✵✶✸✮✳ ❙❧♦✇❡r r❛t❡s ♦❢ ❝❤❛♥❣❡ ❛❧s♦ ❛❧❧♦✇ ❢♦r ♠♦r❡ s❡q✉❡♥t✐❛❧ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣

❛♥❞ t♦ ✉s❡ ❝❛♣✐t❛❧ ♠♦r❡ ❡✣❝✐❡♥t❧②✱ ✇❤✐❧❡ r❛♣✐❞ ❝❤❛♥❣❡ ✇♦✉❧❞ ❢♦r❝❡ ❡❝♦♥♦♠✐❡s t♦ r❡t✐r❡

♣r♦❞✉❝t✐✈❡ ❝❛♣✐t❛❧ s♦♦♥❡r✳ ❈♦♥✈❡rs❡❧②✱ s♦♠❡ ♦❢ t❤❡ ❞❛♠❛❣❡s ♠❛② ❜❡ r❡❞✉❝❡❞ ♦♥❝❡ t❤❡

❝❧✐♠❛t❡ ❤❛s st❛❜✐❧✐③❡❞✱ ❛♥❞ t❤❛t ❡❝♦♥♦♠✐❡s ❤❛✈❡ ❛❞❛♣t❡❞ t♦ ♥❡✇ ❝❧✐♠❛t❡ ❝♦♥❞✐t✐♦♥s✱ ❢♦r

✷



✐♥st❛♥❝❡✱ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ ❛✐r ❝♦♥❞✐t✐♦♥❡rs✱ ❝❤❛♥❣❡s ✐♥ ❝r♦♣ ✈❛r✐❡t✐❡s ♦r ❜❡❤❛✈✐♦r❛❧

❛❞❛♣t❛t✐♦♥s s✉❝❤ ❛s ❝❤❛♥❣❡s ✐♥ ✇♦r❦ ❤♦✉rs✳ ❚❤✐s ✐s ❝♦♥s✐st❡♥t ✇✐t❤ r❡❝❡♥t ❡♠♣✐r✐❝❛❧

❛♥❛❧②s✐s s✉❣❣❡st✐♥❣ t❤❛t ❡❝♦♥♦♠✐❝ ❞❛♠❛❣❡ ✐s ❞r✐✈❡♥ ❜② ❛ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ❡①♣❡r✐❡♥❝❡❞

t❡♠♣❡r❛t✉r❡s ✐♥ ♣❛st ❞❡❝❛❞❡s✱ r❛t❤❡r t❤❛♥ ❜② t❡♠♣❡r❛t✉r❡s t❤❡♠s❡❧✈❡s ✭❑❛❤♥ ❡t ❛❧✳✱

✷✵✶✾❀ ❑❛❧❦✉❤❧ ❛♥❞ ❲❡♥③✱ ✷✵✷✵✮✱ ❛♥❞ t❤✉s ♠❛② ❢❛❞❡ ❛✇❛② ♦♥❝❡ t❡♠♣❡r❛t✉r❡s ❤❛✈❡ st❛✲

❜✐❧✐③❡❞✳ ❋✐♥❛❧❧②✱ ✐♥st✐t✉t✐♦♥❛❧ ❜❛rr✐❡rs ♠❛② ❛❧s♦ ❧✐♠✐t t❤❡ ❛❜✐❧✐t② ♦❢ s♦❝✐❡t✐❡s t♦ r❡❛❝t

❡✣❝✐❡♥t❧② t♦ r❛♣✐❞ ❝❤❛♥❣❡s✳ ❉❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s r❡✢❡❝t tr❛♥s✐t✐♦♥❛❧ ❛❞❛♣✲

t❛t✐♦♥ ❝♦sts ♦❢ ❛ ❝❤❛♥❣✐♥❣ ❝❧✐♠❛t❡✱ ✇❤✐❧❡ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧s ❛r❡ ♣❡rs✐st❡♥t

❧♦ss❡s ❞✉❡ t♦ ❛ ❝❤❛♥❣❡❞ ❝❧✐♠❛t❡✳

■t ❤❛s ❜❡❡♥ ❛r❣✉❡❞ ✐♥ t❤❡ s❝✐❡♥t✐✜❝ ❧✐t❡r❛t✉r❡ t❤❛t ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❛❝t✐♦♥ s❤♦✉❧❞ ❛❧s♦

s❡❡❦ t♦ ❝♦♥str❛✐♥ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✭❖✬◆❡✐❧❧ ❛♥❞ ❖♣♣❡♥❤❡✐♠❡r✱ ✷✵✵✹❀ ❇♦✇❡r♠❛♥ ❡t ❛❧✳✱

✷✵✶✶❀ ❑❛❧❧❜❡❦❦❡♥ ❡t ❛❧✳✱ ✷✵✵✾✮✳ ■♥ t❤❡ ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡ ♦♥ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❤♦✇❡✈❡r✱

t❤❡ r♦❧❡ ♦❢ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ✐s r❛r❡❧② ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❊♥✈✐r♦♥♠❡♥t❛❧ ❡①t❡r♥❛❧✐t✐❡s

❛r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s ❡✐t❤❡r ❛ st♦❝❦ ♦r ❛ ✢♦✇ ❡①t❡r♥❛❧✐t② ✭❋❛r③✐♥✱ ✶✾✾✻❀ ❯❧♣❤ ❛♥❞

❯❧♣❤✱ ✶✾✾✹❀ ❱❛♥ ❉❡r P❧♦❡❣ ❛♥❞ ❲✐t❤❛❣❡♥✱ ✶✾✾✶✮✱ ✇✐t❤ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❜❡❧♦♥❣✐♥❣ t♦

t❤❡ ❢♦r♠❡r ❝❛t❡❣♦r②✳

❇♦t❤ ❉■❈❊✱ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ♥✉♠❡r✐❝❛❧ ■♥t❡❣r❛t❡❞ ❆ss❡ss♠❡♥t ▼♦❞❡❧ ✭■❆▼✮✱

❛♥❞ r❡❝❡♥t ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ♦❢ t❤❡ ❝❧✐♠❛t❡ ❛♥❞ t❤❡ ❡❝♦♥♦♠② ❛❧❧ ❛ss✉♠❡ t❤❛t ❞❛♠❛❣❡s

st❡♠ ❢r♦♠ t❤❡ ❧❡✈❡❧ ♦❢ ✇❛r♠✐♥❣ ♦r t❤❡ st♦❝❦ ♦❢ ❛t♠♦s♣❤❡r✐❝ ❝❛r❜♦♥ ❞✐♦①✐❞❡ ✭●♦❧♦s♦✈

❡t ❛❧✳✱ ✷✵✶✹❀ ●❡r❧❛❣❤ ❛♥❞ ▲✐s❦✐✱ ✷✵✶✽❀ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s✱ ✷✵✶✾✮✱ ❧❡❛✈✐♥❣ ❛s✐❞❡ t❤❡

✐♥✢✉❡♥❝❡ ♦❢ t❤❡ s♣❡❡❞ ♦❢ ✇❛r♠✐♥❣✳ ■♥ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ■❆▼s✱ s✉❝❤ ❛s ❋❯◆❉ ✭❚♦❧✱

✶✾✾✻✮ ♦r P❆●❊ ✭❍♦♣❡ ❡t ❛❧✳✱ ✶✾✾✸✮✱ ❞❛♠❛❣❡ ❞❡♣❡♥❞ ❜♦t❤ ♦♥ ❧❡✈❡❧ ❛♥❞ r❛t❡ ♦❢ ❝❤❛♥❣❡

✐♥ s♦♠❡ s❡❝t♦rs✱ ❜✉t t❤❡ ❛✉t❤♦rs ❞✐❞ ♥♦t ❛♥❛❧②s❡ ❤♦✇ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ t②♣❡s

♦❢ ❞❛♠❛❣❡s ❛✛❡❝t❡❞ t❤❡ ♦✉t❝♦♠❡s✳ ❆ ❢❡✇ st✉❞✐❡s ✐♥ t❤❡ ✶✾✾✵s ❤❛✈❡ ❝♦♠♣❛r❡❞ ❞❛♠❛❣❡

❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❛♥❞ ✇❛r♠✐♥❣ r❛t❡s✱ ❡✐t❤❡r ✐♥ ❛ ♥✉♠❡r✐❝❛❧ ■❆▼ ✭P❡❝❦ ❛♥❞ ❚❡✐s❜❡r❣✱

✶✾✾✹✮ ♦r ✐♥ ❛♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ✭❚❛❤✈♦♥❡♥✱ ✶✾✾✺❀ ❍♦❡❧ ❛♥❞ ■s❛❦s❡♥✱ ✶✾✾✺✮✱ s✉❣❣❡st✐♥❣

t❤❛t ❜♦t❤ t②♣❡s ♦❢ ❞❛♠❛❣❡s r❡q✉✐r❡ ❞✐✛❡r❡♥t ♦♣t✐♠❛❧ ❝❧✐♠❛t❡ ♣♦❧✐❝✐❡s✳ ❍♦✇❡✈❡r✱ t❤❡②

❞♦ ♥♦t ❧♦♦❦ ❛t t❤❡ ❝❛s❡ ♦❢ ❞❛♠❛❣❡s ❜❡✐♥❣ ❝❛✉s❡❞ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧❡✈❡❧ ❛♥❞ r❛t❡

♦❢ ❝❤❛♥❣❡✳

■♥ t❤✐s ♣❛♣❡r✱ ■ ❛♥❛❧②s❡ ❤♦✇ ❞❛♠❛❣❡ ❝❛✉s❡❞ ❜② ❜♦t❤ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❛♥❞ ✇❛r♠✐♥❣

r❛t❡ ❛✛❡❝t ♦♣t✐♠❛❧ ❝❧✐♠❛t❡ ♣♦❧✐❝②✳ ❚♦ ❞♦ s♦✱ ■ ✉s❡ ❛♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❝❧✐♠❛t❡

❛♥❞ t❤❡ ❡❝♦♥♦♠② ❜✉✐❧❞✐♥❣ ♦♥ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮✱ ✐♥ ✇❤✐❝❤ ■ ❛❞❞ t❤❡ ❢❡❛t✉r❡

t❤❛t ❞❛♠❛❣❡ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ ✇❛r♠✐♥❣ r❛t❡✳ ■ s❤♦✇ t❤❛t ❛❝❝♦✉♥t✐♥❣ ❢♦r ❞❛♠❛❣❡s ❢r♦♠

✇❛r♠✐♥❣ r❛t❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❧♦♥❣✲t❡r♠ ♦♣t✐♠❛❧ t❡♠♣❡r❛t✉r❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡

❝❛s❡ ✇❤❡♥ ❞❛♠❛❣❡s ❞❡♣❡♥❞ s♦❧❡❧② ♦♥ t❤❡ ✇❛r♠✐♥❣ ❧❡✈❡❧✳ ❍♦✇❡✈❡r✱ ✐t ✇❛rr❛♥ts ❞✐✛❡r❡♥t

❡♠✐ss✐♦♥ tr❛❥❡❝t♦r✐❡s✳ ❲❤❡♥ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ❛r❡ ❢❛❝t♦r❡❞ ✐♥✱ ❝❛r❜♦♥ ♣r✐❝❡

✐s ❣r❡❛t❡r✱ ❜✉t ✐♥❝r❡❛s❡ ❧❡ss r❛♣✐❞❧②✳ ❚❤❡♥✱ ■ ❡①♣❧♦r❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ❢♦r

❜♦t❤ t②♣❡s ♦❢ ❞❛♠❛❣❡ ❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡ ✇❡❧❢❛r❡ ❧♦ss ❢r♦♠ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✳ ▲❡ss

❞❛♠❛❣❡ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❧❡✈❡❧ ♦❢ ❝❤❛♥❣❡ r❡s✉❧ts ✐♥ ❤✐❣❤❡r ❧♦♥❣✲t❡r♠ t❡♠♣❡r❛t✉r❡✳

❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦♥ ❝❛r❜♦♥ ♣r✐❝❡ ✐♥ t❤❡ s❤♦rt r✉♥ ✐s ♦✛s❡t ❜② t❤❡ ❝♦✉♥t❡r✈❛✐❧✐♥❣

✐♥✢✉❡♥❝❡ ♦❢ ❤✐❣❤❡r ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ✐♥❝❡♥t✐✈❡s t♦ s❧♦✇

❞♦✇♥ t❤❡ ✇❛r♠✐♥❣✳ ❚❤✉s✱ ❡✈❡♥ ✇❤❡♥ ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ✇❡❧❢❛r❡ ❧♦ss✱ ✐♥ t❤❡ s❤♦rt✲r✉♥✱

❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ❧❡❛❞ t♦ ❤✐❣❤❡r ❝❛r❜♦♥ ♣r✐❝❡✳

■♥ s❡❝t✐♦♥ ✶✱ ■ ♣r❡s❡♥t t❤❡ ♠♦❞❡❧ ❛♥❞ ❞❡r✐✈❡ ♦♣t✐♠❛❧ ❝❧✐♠❛t❡ ♣♦❧✐❝②✳ ■♥ s❡❝t✐♦♥ ✷✱

■ ❡①♣❧♦r❡ ♥✉♠❡r✐❝❛❧❧② ❤♦✇ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡ ❛♥❞ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❛✛❡❝t t❤❡

✸



♦✉t❝♦♠❡s✳ ❙❡❝t✐♦♥ ✸ ❞✐s❝✉ss❡s ✐♠♣❧✐❝❛t✐♦♥s✱ ♣❡rs♣❡❝t✐✈❡s ❛♥❞ ❝♦♥❝❧✉❞❡s✳

✶ ▼♦❞❡❧

■ ❜✉✐❧❞ ✉♣♦♥ t❤❡ ♠♦❞❡❧ ✐♥ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮ t♦ ❛♥❛❧②③❡ ♦♣t✐♠❛❧ ❝❧✐♠❛t❡

♣♦❧✐❝② ✇❤❡♥ t❤❡ ✇❛r♠✐♥❣ r❛t❡ ✐♥❞✉❝❡s ❞❛♠❛❣❡✳ ❚❤✐s ❝❤♦✐❝❡ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡✐r r❡♣✲

r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝❧✐♠❛t❡ s②st❡♠✱ ✇❤✐❝❤ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ r❡❝❡♥t r❡s✉❧ts ❢r♦♠ t❤❡ ❝❧✐♠❛t❡

s❝✐❡♥❝❡ t❤❛t ❛❢t❡r ❛ s❤♦rt ❛❞❥✉st❡♠❡♥t ♣❡r✐♦❞ ♦❢ t❡♥ ②❡❛rs✱ t❤❡ r❛t✐♦ ♦❢ ✇❛r♠✐♥❣ ♦♥

❝✉♠✉❧❛t❡❞ ❡♠✐ss✐♦♥s ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❜♦t❤ t✐♠❡ ❛♥❞ ❝✉♠✉❧❛t❡❞ ❡♠✐ss✐♦♥s ✭▼❛tt❤❡✇s

❡t ❛❧✳✱ ✷✵✵✾❀ ❙♦❧♦♠♦♥ ❡t ❛❧✳✱ ✷✵✵✾❀ ▼❛tt❛✉❝❤ ❡t ❛❧✳✱ ✷✵✶✾✮✳

✶✳✶ ❙❡tt✐♥❣

▲❡t ✉s ❛ss✉♠❡ ❛♥ ❡❝♦♥♦♠②✱ ♣r♦❞✉❝✐♥❣ Q ✉s✐♥❣ t❤r❡❡ ✐♥♣✉ts✱ ❝❛♣✐t❛❧ K✱ ❧❛❜♦✉r L ❛♥❞

❡♠✐ss✐♦♥s E✳ ▲❛❜♦✉r ❛♥❞ t♦t❛❧ ❢❛❝t♦r ♣r♦❞✉❝t✐✈✐t② ❣r♦✇ ❡①♦❣❡♥♦✉s❧②✱ r❡s♣❡❝t✐✈❡❧② ❛t

r❛t❡ n ❛♥❞ g✳ ❲❛r♠✐♥❣ T ❝❛✉s❡❞ ❜② ❡♠✐ss✐♦♥s r❡❞✉❝❡s ♣r♦❞✉❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡

❡①♣♦♥❡♥t✐❛❧ q✉❛❞r❛t✐❝✲❞❛♠❛❣❡ ❢✉♥❝t✐♦♥ ♦❢ ✇❛r♠✐♥❣ ❧❡✈❡❧s T ✱ ■ ❝♦♥s✐❞❡r ❛ s②♠♠❡tr✐❝❛❧

❞❛♠❛❣❡ ❢❛❝t♦r ❝❛♣t✉r✐♥❣ t❤❛t ✇❛r♠✐♥❣ r❛t❡ Ṫ r❡❞✉❝❡s ♦✉t♣✉t✳

Q = e(n+g)tf(K)exp
(

−

γ

2
T 2

−

α

2
Ṫ 2

)

exp
(

ΦE −

ϕ

2
E2

)

✭✶✮

α ❛♥❞ γ ❞❡t❡r♠✐♥❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❝♦♥♦♠✐❡s r❡♣❡❝t✐✈❡❧② t♦ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❛♥❞

✇❛r♠✐♥❣ r❛t❡✳ ❚❤❡ ❝❛s❡ α = 0 ✐s t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❡❝♦♥♦♠✐❡s ♦♥❧② ❛✛❡❝t❡❞ ❜②

✇❛r♠✐♥❣ ❧❡✈❡❧s ❝♦♥s✐❞❡r❡❞ ✐♥ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② ✐♥ t❤❡

❝❧✐♠❛t❡✲❡❝♦♥♦♠② ❧✐t❡r❛t✉r❡✳

❆❣❡♥ts ❞❡r✐✈❡ ✉t✐❧✐t② ❢r♦♠ t❤❡✐r ❝♦♥s✉♠♣t✐♦♥ u(c)✱ ❛♥❞ t❤❡ s♦❝✐❛❧ ♣❧❛♥❡r✱ ❛ss✉♠❡❞

t♦ ❜❡ ✉t✐❧✐t❛r✐❛♥✱ s❡❡❦s t♦ ♠❛①✐♠✐③❡ t❤❡ ♣r❡s❡♥t ❞✐s❝♦✉♥t❡❞ s♦❝✐❛❧ ✇❡❧❢❛r❡✱ ✇r✐tt❡♥ ❛s

❢♦❧❧♦✇s✿

maxc,EW =

∫

∞

0
e(n−ρ)tu(c)dt ✭✷✮

❲❤❡r❡ ρ ✐s t❤❡ r❛t❡ ♦❢ ♣✉r❡ t✐♠❡ ♣r❡❢❡r❡♥❝❡✱ ❛t ✇❤✐❝❤ ❢✉t✉r❡ ✉t✐❧✐t② ✐s ❞✐s❝♦✉♥t❡❞✱

❛♥❞ ✉t✐❧✐t② ✐s ✐s♦❡❧❛st✐❝✱ ❣✐✈❡♥ ❜②✿

u(c) =
c1−η

1− η
✭✸✮

η ✐s t❤❡ r❡s✐st❛♥❝❡ t♦ ✐♥t❡rt❡♠♣♦r❛❧ s✉❜st✐t✉t✐♦♥✱ ✇❤✐❝❤ ❞r✐✈❡s ✐♥t❡r❣❡♥❡r❛t✐♦♥❛❧

✐♥❡q✉❛❧✐t② ❛✈❡rs✐♦♥✳

❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✐♥ ❧✐♥❡ ✇✐t❤ r❡❝❡♥t s❝✐❡♥t✐✜❝ ✜♥❞✐♥❣s✱ ■ ❛ss✉♠❡ q✉❛s✐✲❧✐♥❡❛r✐t②

❜❡t✇❡❡♥ ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥s ❛♥❞ ✇❛r♠✐♥❣✿

Ṫ = ǫ(ζS − T ) ✭✹✮

✇❤❡r❡ ǫ ✐s t❤❡ ✐♥✐t✐❛❧ ♣✉❧s❡✲❛❞❥✉st♠❡♥t t✐♠❡s❝❛❧❡✱ ❛♥❞ ζ r❡✢❡❝ts t❤❡ ❚r❛♥s✐❡♥t

❈❧✐♠❛t❡ ❘❡s♣♦♥s❡ t♦ ❈✉♠✉❧❛t✐✈❡ ❈❛r❜♦♥ ❊♠✐ss✐♦♥s✳

✹



❚❤❡ ♣❛rt ♦❢ ♣r♦❞✉❝t✐♦♥ t❤❛t ✐s ♥♦t ❝♦♥s✉♠❡❞ ❛❞❞s ✉♣ t♦ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ k✱ ❜✉t
t❤❡ st♦❝❦ ❛❧s♦ ❞❡♣r❡❝✐❛t❡s ❛t r❛t❡ δ✳ ❚❤✉s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ t♦ ✇r✐t❡ ✈❛r✐❛❜❧❡s

❞✐✈✐❞❡❞ ❜② ❡✛❡❝t✐✈❡ ❧❛❜♦✉r e(n+g)t ✇✐t❤ ❛ ❤❛t✱ ❝❛♣✐t❛❧ ❢♦❧❧♦✇s t❤❡ ❞②♥❛♠✐❝❛❧ ❡q✉❛t✐♦♥✿

˙̂
k = q̂ − ĉ− (δ + n+ g)k̂ ✭✺✮

❆s ✐♥ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮✱ ✐t ✐s r❡❛s♦♥❛❜❧❡✱ ❣✐✈❡♥ t❤❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡

❛t st❛❦❡✱ t♦ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❡❝♦♥♦♠② ✐s ♦♥ ❛ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤ ♣❛t❤ ✇✐t❤ ❝♦♥st❛♥t

❣r♦✇t❤ ♦❢ ♦✉t♣✉t ♣❡r ❝❛♣✐t❛ ❛s ❧♦♥❣ ❛s t❤❡ ❞❛♠❛❣❡ ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ❤❛s ❛ s♠❛❧❧

❡✛❡❝t ♦♥ t❤❡ ❣r♦✇t❤ r❛t❡✳

✶✳✷ ❖♣t✐♠❛❧ ♣❛t❤

❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❛❜❛t❡♠❡♥t✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢

t❤❡ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

H =
ĉ1−η

1− η
− λSE − λT ǫ(ζS − T ) + λk̂

[

q̂(k̂, E, T )− ĉ− (δ + n+ g)k̂)
]

✭✻✮

❖♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❧❡❛❞ t♦✿

λS = ĉ−η q̂(Φ− ϕE) ✭✼✮

λ̇S = (ρ− n+ g(η − 1))λS
− ǫζλT

− ĉ−η q̂αǫ2ζ(ζS − T ) ✭✽✮

λ̇T = (ρ− n+ g(η − 1) + ǫ)λT
− ĉ−η q̂(γT − αǫ2(ζS − T )) ✭✾✮

q̂
k̂
− δ = η(

˙̂c

ĉ
+ g) + ρ ✭✶✵✮

■♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥ ✾ ❣✐✈❡s✿

λT =

∫

∞

t

e−(ρ−n+g(η−1)+ǫ)(u−t)ĉ−η q̂(γT − αǫ2(ζS − T ))du ✭✶✶✮

●✐✈❡♥ t❤❛t t❤❡ ❝❧✐♠❛t❡ s②st❡♠ ❛❞❥✉sts q✉✐❝❦❧② t♦ ❡♠✐ss✐♦♥s ✭ǫ ≈ 0.5✮✱ t❤❡ ❞✐s❝♦✉♥t
r❛t❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞✐s✉t✐❧✐t② ♦❢ t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡ ✐s ❤✐❣❤ ✭❛r♦✉♥❞ ✺✵✪✮✳

❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❛t t❤❡ ✐♥t❡❣r❛❧ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ s❤♦rt✲t❡r♠ ♦❢ ❛ ❢❡✇ ②❡❛rs✱

❛♥❞ ♦✈❡r t❤✐s ♣❡r✐♦❞✱ ĉ−η q̂(γT − αǫ2(ζS − T )) ✐s ❝♦♥st❛♥t✿

λT
≈

ĉ−η q̂(γT − αǫ2(ζS − T ))

ρ− n+ ǫ+ g(η − 1)
✭✶✷✮

❈♦♠✐♥❣ ❜❛❝❦ t♦ ❡q✉❛t✐♦♥ ✽

λ̇S = (ρ− n+ g(η − 1))λS
− ǫζ

ĉ−η q̂(γT − αǫ2(ζS − T ))

ρ− n+ ǫ+ g(η − 1)
− ĉ−η q̂αǫ2ζ(ζS − T ) ✭✶✸✮

✺



❉❡r✐✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✐♥ λS ✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ❜❛❧❛♥❝❡❞ ❣r♦✇t❤

♣❛t❤s✱ ❧❡❛❞ t♦✿

λ̇S = (−η
˙̃c

c̃
+

˙̃q

q̃
−

ϕĖ

Φ− ϕE
)λS ✭✶✹✮

Ė = [ρ− n+ (η − 1)g] (E − Φ/ϕ) + ǫ
ζ

ϕ

(γT − αǫ2(ζS − T ))

ρ− n+ ǫ+ g(η − 1)
+

α

ϕ
ǫ2ζ(ζS − T ) ✭✶✺✮

❚❤❡ ❝❧✐♠❛t❡ s②st❡♠ ❛❞❥✉sts q✉✐❝❦❧② t♦ ❈❖✷✱ s♦ ■ tr❡❛t t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ❝✉✲

♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥s ❛s ❝♦♥st❛♥t ✐♥ t❤❡ s❤♦rt r✉♥✱ θ = Ṡ/S✱ ❛♥❞ ■ ❝❛♥ ❛♣♣r♦①✐♠❛t❡

t❡♠♣❡r❛t✉r❡ ❛s ❢♦❧❧♦✇s✿

T ≈

ǫ

ǫ+ θ
ζS ✭✶✻✮

❙✉❜st✐t✉t✐♥❣ ✐♥t♦ t❤❡ ❡q✉❛t✐♦♥ ✐♥ Ė✿

Ė = [ρ− n+ (η − 1)g] (E − Φ/ϕ) +
ζ2Sǫ2

ϕ(ǫ+ θ)

(

γ − αǫθ

ρ− n+ ǫ+ g(η − 1)
+ αθ

)

✭✶✼✮

❋✐♥❛❧❧②✱ s✐♥❝❡ Ṡ = E✱ ✇❡ ❝❛♥ ✇r✐t❡✿

S̈ = [ρ− n+ (η − 1)g] Ṡ+
ζ2ǫ2

ϕ(ǫ+ θ)

γ + αθ(ρ− n+ g(η − 1))

ρ− n+ ǫ+ g(η − 1)
S− [ρ− n+ (η − 1)g]

Φ

ϕ
✭✶✽✮

■ ♦❜t❛✐♥ ❛ s❡❝♦♥❞✲♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ❢♦r ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥s✳ ρ−n+(η−
1)g ✐s t❤❡ ❞✐s❝♦✉♥t r❛t❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞❛♠❛❣❡s ❛s ❛ ♣r♦♣♦rt✐♦♥ ♦❢ ♦✉t♣✉t✳

❈♦♠♣❛r❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❧❡✈❡❧✲♦♥❧② ❞❛♠❛❣❡s✱ t❤❡ ♦♥❧② ❝♦❡✣❝✐❡♥t t❤❛t ✐s ❞✐✛❡r❡♥t ✐s

t❤❡ ♦♥❡ ❜❡❢♦r❡ S✳

■♥ t❤❡ ❧♦♥❣✲t❡r♠✱ θ = 0✱ s♦ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝✉♠✉❧❛t✐✈❡ ❡♠✐ss✐♦♥ ❛♥❞

♦♣t✐♠❛❧ ♣❡❛❦ ✇❛r♠✐♥❣ ✐s ✉♥❝❤❛♥❣❡❞ ❝♦♠♣❛r❡❞ t♦ ❛ ❝❛s❡ ✇❤❡r❡ ♦♥❧② ❧❡✈❡❧ ❞❛♠❛❣❡

♠❛tt❡r S∗ = c/b = S∗

level✳ ■t ❢♦❧❧♦✇s t❤❛t ♦♣t✐♠❛❧ t❡♠♣❡r❛t✉r❡ ❧❡✈❡❧s ❛r❡ ❛❧s♦ ✐❞❡♥t✐❝❛❧✿

T ∗ = T ∗

level =
ρ− n+ ǫ+ g(η − 1)

ǫ

(ρ− n+ (η − 1)g)Φ

ζγ
✭✶✾✮

❍♦✇❡✈❡r✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛❜❛t❡♠❡♥t ❝❤❛♥❣❡s ✇❤❡♥ ❡❝♦♥♦♠✐❡s ❛r❡ ❛❧s♦ ❛✛❡❝t❡❞

❜② ✇❛r♠✐♥❣ r❛t❡s✳ ❚❤❡ ❢❛❝t♦r ✐♥ αθ s❧♦✇s ❞♦✇♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❧♦♥❣✲t❡r♠

❡q✉✐❧✐❜r✐✉♠✱ r❡✢❡❝t✐♥❣ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ❛s ❧♦♥❣ ❛s t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡s✳

■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ ♦✉r ❝❛s❡ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ♦❢ ❞❛♠✲

❛❣❡s ❞❡♣❡♥❞✐♥❣ s♦❧❡❧② ♦♥ t❡♠♣❡r❛t✉r❡ ❧❡✈❡❧✱ ■ ❛ss✉♠❡ ❧✐♥❡❛r✐t② ❜❡t✇❡❡♥ ❝✉♠✉❧❛t✐✈❡

❡♠✐ss✐♦♥s ❛♥❞ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✻



✶✳✸ ❈❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥ ❛ss✉♠✐♥❣ ♥♦ ❝❧✐♠❛t❡ ❞❡❧❛②

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ❛ss✉♠❡ t❤❛t t❡♠♣❡r❛t✉r❡ r❡s♣♦♥❞s ✐♥st❛♥t❛♥❡♦✉s❧② t♦ ❝✉♠✉❧❛t✐✈❡

❡♠✐ss✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥s✳ ❚❤✐s s✐♠♣❧✐✜❝❛t✐♦♥s r❡sts ♦♥ t❤❡

❢❛❝t t❤❛t t❤❡ ❝❧✐♠❛t❡ s②st❡♠ ❛❞❥✉sts r❛♣✐❞❧② ✭✇✐t❤✐♥ ✶✵ ②❡❛rs✮ t♦ ❝❤❛♥❣❡s ✐♥ ❝✉♠✉❧❛t❡❞

❡♠✐ss✐♦♥s ✭ǫ = 0.5✮✳ ❚❤❡r❡ ✐s ❛❧s♦ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ ❡♠✐ss✐♦♥s ❧❡✈❡❧s ✐s

❧✐♥❦❡❞ t♦ t❤❡ ♠❛①✐♠✉♠ ✇❛r♠✐♥❣ r❛t❡ ✭❇♦✇❡r♠❛♥ ❡t ❛❧✳✱ ✷✵✶✶✮✱ s♦ ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❝♦✉❧❞

❜❡ ❛♥ ❛❝❝❡♣t❛❜❧❡ ✜rst✲♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ♦✉r ♣✉r♣♦s❡✳ T = ζS✳
❚❤❡ ❞❛♠❛❣❡ ❢❛❝t♦r ❞❡s❝r✐❜✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♣r♦❞✉❝t✐♦♥ t♦ ✇❛r♠✐♥❣ r❛t❡ ✇r✐t❡s✿

exp(−α
2 Ṫ

2) = exp(−α
2 ζ

2E2✮✳

Q = en+gf(k̂)exp(−
γ

2
T 2

−

αζ2 + ϕ

2
E2 +ΦE) ✭✷✵✮

❆♣♣❡♥❞✐① ❆ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ st♦❝❦ ♦❢ ❝❛r❜♦♥ ❢♦❧❧♦✇s✿

S̈ = (ρ− n+ (η − 1)g)Ṡ +
ζ2γ

ϕ+ αζ2
S − (ρ− n+ (η − 1)g)

Φ

ϕ+ αζ2
✭✷✶✮

❲r✐t✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❛s S̈ = aṠ + bS − c✱ ❛♥❞ ❝♦♠♣❛r✐♥❣ ✐t t❤❡ ❝❛s❡ ♦❢ ❧❡✈❡❧✲♦♥❧②

❞❛♠❛❣❡s✱ ✇❡ ❤❛✈❡✿ a = alevel✱ b = blevelϕ/(ϕ + αζ2)✱ ❛♥❞ c = clevelϕ/(ϕ + αζ2)✳ ❆s

❡①♣❡❝t❡❞✱ ❙ ❝♦♥✈❡r❣❡♥❝❡s t♦✇❛r❞s t❤❡ s❛♠❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ t✐♠❡ ♣r♦✜❧❡ ♦❢ ❝✉♠✉❧❛t✐✈❡

❡♠✐ss✐♦♥ ✐s ❣✐✈❡♥ ❜②✿

St = (S0 − c/b)exp
1

2
t(a−

√

a2 + 4b) + c/b ✭✷✷✮

❚❤✉s✱ ❡♠✐ss✐♦♥s ✇r✐t❡✿

Et = (c/b− S0)
1

2
(
√

a2 + 4b− a)exp
1

2
t(a−

√

a2 + 4b) ✭✷✸✮

❚❤❡ ♦♣t✐♠❛❧ ❝❛r❜♦♥ ♣r✐❝❡ ✐s t❤❡ ♦♣t✐♠❛❧ ♠❛r❣✐♥❛❧ ❛❜❛t❡♠❡♥t ❝♦st ❢♦r ♣r♦❞✉❝❡rs✱

✇❤✐❝❤ ❞♦ ♥♦t ✐♥t❡r♥❛❧✐③❡ t❤❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❡①t❡r♥❛❧✐t②✿

p∗ = Q0e
(g̃+n)t(Φ− ϕE) ✭✷✹✮

■♥✐t✐❛❧❧② t❤❡ ❝❛r❜♦♥ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②✿

p∗0 = Q0






Φ− ϕ((ρ− n+ (η − 1)g)

Φ

ζ2γ
− S0)

√

(ρ− n+ (η − 1)g)2 + 4 ζ2γ

ϕ+αζ2
− (ρ− n+ (η − 1)g)

2






✭✷✺✮

❙✐♥❝❡ b < blevel✱ ✐♥✐t✐❛❧❧②✱ ❝❛r❜♦♥ ♣r✐❝❡ ✐s ❤✐❣❤❡r t❤❛♥ ✐♥ t❤❡ ❧❡✈❡❧✲♦♥❧② ❝❛s❡✳
❍♦✇❡✈❡r✱ ✐t ✐♥❝r❡❛s❡s ❧❡ss r❛♣✐❞❧② t♦ r❡❛❝❤ t❤❡ s❛♠❡ ❧♦♥❣✲t❡r♠ tr❛❥❡❝t♦r② ❛s ✐♥
t❤❡ ❧❡✈❡❧✲♦♥❧② ❝❛s❡✳ ❚❤❡ r❡✈❡rs❡ ♦❝❝✉rs ❢♦r ❡♠✐ss✐♦♥s✱ ✇✐t❤ ❛ ❧♦✇❡r st❛rt ❜✉t
s❧♦✇❧✐❡r ❞❡❝r❡❛s❡✱ s♦ t❤❛t t❤❡ s❛♠❡ ❝❛r❜♦♥ ❜✉❞❣❡t ✐s ❥✉st s♣r❡❛❞ ♦✈❡r t✐♠❡✳

❚❤✐s r❡s✉❧t ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❡❞✉❝❡ t❤❡ r❛t❡
❛t ✇❤✐❝❤ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡♠✐ss✐♦♥s ❞❡❝r❡❛s❡s ✭❢♦r♠❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛
❝❤❛♥❣❡ ✐♥ ϕ✮✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✢♦✇ ❡①t❡r♥❛❧✐t② t❤❡② r❡♣r❡s❡♥t✳ ❍♦✇❡✈❡r✱ t❤❡② ❞♦
♥♦t ❝❤❛♥❣❡ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ ✜rst ❡♠✐ss✐♦♥✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐❢ t❤❡

✼



❞❛♠❛❣❡ ❢❛❝t♦r ✇❛s ❛♥ ❡①♣♦♥❡♥t✐❛❧✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✇❛r♠✐♥❣ r❛t❡✱ ✐t ✇♦✉❧❞
❞❡❝r❡❛s❡ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ ✜rst ❡♠✐ss✐♦♥ ✭❛❦✐♥ t♦ ❛ ❝❤❛♥❣❡ ✐♥
Φ✮✳ ❯♥❞❡r s✉❝❤ ❛ss✉♠♣t✐♦♥✱ ♦♣t✐♠❛❧ ❧♦♥❣✲t❡r♠ t❡♠♣❡r❛t✉r❡ ✇♦✉❧❞ ❜❡ ❧♦✇❡r✳

❚♦ ♣✉t t❤✐♥❣s ✐♥t♦ ♣❡rs♣❡❝t✐✈❡ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝❛r❜♦♥
♣r✐❝❡ t♦ ♦t❤❡r ♠♦❞❡❧s✳ ■♥ ●♦❧♦s♦✈ ❡t ❛❧✳ ✭✷✵✶✹✮✱ ✇✐t❤ ❛♥ ❡①♣♦♥❡♥t✐❛❧✲❧✐♥❡❛r
❧❡✈❡❧ ❞❛♠❛❣❡✱ ❝❛r❜♦♥ ♣r✐❝❡ ❣r♦✇s ❛s ❢❛st ❛s t❤❡ ❡❝♦♥♦♠②✳ ❲✐t❤ ❡①♣♦♥❡♥t✐❛❧✲
q✉❛❞r❛t✐❝ ❧❡✈❡❧ ❞❛♠❛❣❡s✱ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮ ✜♥❞ t❤❛t t❤✐s ❣r♦✇t❤ ✐s
❡♥❤❛♥❝❡❞ ✐♥ t❤❡ s❤♦rt✲r✉♥✳ ❋✉rt❤❡r ❛ss✉♠✐♥❣✱ ❛s ✇❡ ❞♦✱ t❤❛t ❞❛♠❛❣❡s ❛❧s♦
❞❡♣❡♥❞ ♦♥ ✇❛r♠✐♥❣ r❛t❡ t❡♥❞s t♦ r❛✐s❡ ✐♥✐t✐❛❧ ❝❛r❜♦♥ ♣r✐❝❡✱ ❜✉t ♠♦❞❡r❛t❡ t❤❡
s❤♦rt✲t❡r♠ ❣r♦✇t❤✳

✷ ❆♣♣❧✐❝❛t✐♦♥

✷✳✶ ■❧❧✉str❛t✐✈❡ ♣❛t❤✇❛②s

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ♣r♦♣♦s❡ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ t♦ ❡✈❛❧✉❛t❡
t❤❡ s✐③❡ ♦❢ t❤❡ ❡✛❡❝t✳ ❆ss❡ss✐♥❣ ❢✉t✉r❡ ❧❡✈❡❧✲❞❛♠❛❣❡s ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ❡①❡r❝✐③❡✱
❜❡❝❛✉s❡ ♦❢ t❤❡ ❞✐✈❡rs✐t② ♦❢ ✐♠♣❛❝ts t❤❛t ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ✇✐❧❧ ✐♥❞✉❝❡ ❛♥❞ t❤❡ ♠❛♥②
✉♥❝❡rt❛✐♥t✐❡s s✉rr♦✉♥❞✐♥❣ t❤❡♠ ✭❉✐❛③ ❛♥❞ ▼♦♦r❡✱ ✷✵✶✼❀ ❆✉✛❤❛♠♠❡r✱ ✷✵✶✽✮✳
❚❤❡ s❛♠❡ ❧✐♠✐t❛t✐♦♥ ❛♣♣❧✐❡s t♦ t❤❡ ❛ss❡ss♠❡♥t ♦❢ r❛t❡✲❞❡♣❡♥❞❡♥t ❞❛♠❛❣❡s✳ ❚❤❡
❞✐✣❝✉❧t② ✐s ❝♦♠♣♦✉♥❞❡❞ ❜❡❝❛✉s❡ ✐♠♣❛❝t ❛ss❡ss♠❡♥ts ❛r❡ t②♣✐❝❛❧❧② ❜❛s❡❞ ♦♥
❞❛♠❛❣❡s ❛t ❛ ❣✐✈❡♥ t❡♠♣❡r❛t✉r❡ ❧❡✈❡❧ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ r❡❝❡♥t r❡✈✐❡✇ ♦❢ ✐♠♣❛❝t
❡st✐♠❛t❡s ✭◆♦r❞❤❛✉s ❛♥❞ ▼♦✛❛t✱ ✷✵✶✼❀ ❍♦✇❛r❞ ❛♥❞ ❙t❡r♥❡r✱ ✷✵✶✻❀ ❚♦❧✱ ✷✵✶✽✮✮✱
❛♥❞ t❤✉s ❞♦ ♥♦t q✉❛♥t✐❢② t❤❡ ❡✛❡❝t ♦❢ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥
✉s❡ r❡s✉❧ts ❢r♦♠ ❑❛❤♥ ❡t ❛❧✳ ✭✷✵✶✾✮ t♦ ✐❧❧✉str❛t❡ ♣♦ss✐❜❧❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳
■♥ t❤❡ st✉❞②✱ t❤❡ ✐♠♣❛❝ts ❝♦♠❡ ❢r♦♠ t❡♠♣❡r❛t✉r❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐ts ❛✈❡r❛❣❡
✐♥ ♣❛st ❞❡❝❛❞❡s✱ s♦ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ss✉♠✐♥❣ t❤❛t t❤❡r❡ ✐s ♦♥❧② ❛ r❛t❡ ❡✛❡❝t
✭γ = 0✮✳ ■♥ t❤❡ ❝❡♥tr❛❧ ♣r♦❥❡❝t✐♦♥s✱ ♦✉t♣✉t ❧♦ss❡s ✐♥ ✷✶✵✵ ❞✉❡ t♦ ❛ ✇❛r♠✐♥❣ r❛t❡
♦❢ ✵✳✵✶ ❛♥❞ ✵✳✵✹ ◦❈✴②❡❛r ❛r❡ r❡s♣❡❝t✐✈❡❧② ✶✳✶✪ ❛♥❞ ✼✳✷✪✳ ❚❤✐s ✐s r❡s♣❡❝t✐✈❡❧②
❝♦♥s✐st❡♥t ✇✐t❤ α ♦❢ ✾✸ ❛♥❞ ✷✷✶✳ ◆♦t❡ t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ ❧♦ss❡s ❢r♦♠ ✇❛r♠✐♥❣
r❛t❡s ❝♦♥s✐❞❡r❡❞ ✐♥ P❡❝❦ ❛♥❞ ❚❡✐s❜❡r❣ ✭✶✾✾✹✮ ❝♦rr❡s♣♦♥❞ t♦ α ✐♥ t❤❡ s❛♠❡ ♦r❞❡r
♦❢ ♠❛❣♥✐t✉❞❡✱ ❜❡t✇❡❡♥ ✻✵ ✭❛ ✷✪ ❧♦ss ❜r♦✉❣❤t ❜② ✵✳✵✶✺◦❈✴②❡❛r ✐♥❝r❡❛s❡✮ ❛♥❞
✶✽✵ ✭❛ ✷✪ ❧♦ss ❜r♦✉❣❤t ❜② ❛ ✵✳✵✷✺◦❈✴②❡❛r✮✳

❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs s♣❡❝✐❢②✐♥❣ r❛t❡ ❛♥❞ ❧❡✈❡❧✲
❞❛♠❛❣❡s ♦♥ t❤❡ ♦♣t✐♠❛❧ ❝❛r❜♦♥ ♣r✐❝❡✳ ❯♥❧❡ss s♣❡❝✐✜❡❞ ♦t❤❡r✇✐s❡✱ ❛❧❧ ♦t❤❡r
♣❛r❛♠❡t❡rs ❛r❡ ❝❛❧✐❜r❛t❡❞ ❛s ✐♥ ❉✐❡t③ ❛♥❞ ❱❡♥♠❛♥s ✭✷✵✶✾✮✳ ❋✐❣✉r❡ ✷ ❝♦♠♣❛r❡s
t❤❡ t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❛r❜♦♥ ♣r✐❝❡s t♦ t❤❡ ❝❛s❡ ♦❢ ❞❛♠❛❣❡s s♦❧❡❧② ❜❛s❡❞ ♦♥
✇❛r♠✐♥❣ ❧❡✈❡❧s ✭α❂✵✮✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ❞❛♠❛❣❡ ❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧ ❞❡t❡r♠✐♥❡
♦♣t✐♠❛❧ ❧♦♥❣✲t❡r♠ t❡♠♣❡r❛t✉r❡✱ ✇❤✐❧❡ ❞❛♠❛❣❡ st❡♠♠✐♥❣ ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s
❛✛❡❝ts t❤❡ ♦♣t✐♠❛❧ ♣❛t❤ t♦ r❡❛❝❤ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❋♦r t❤❡ ✐❧❧✉str❛t✐✈❡ ✈❛❧✉❡s
♣r♦♣♦s❡❞ ❤❡r❡✱ ❛❞❞✐♥❣ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡ r❛✐s❡s ✐♥✐t✐❛❧ ❝❛r❜♦♥ ♣r✐❝❡ ❜②
✷✺ t♦ ✺✺✪✱ ❜✉t t❤❡ ❝❛r❜♦♥ ♣r✐❝❡ ✐♥❝r❡❛s❡s s❧♦✇❧✐❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧❡✈❡❧✲♦♥❧②

✽



❞❛♠❛❣❡✱ s♦ t❤❛t ❜♦t❤ tr❛❥❡❝t♦r✐❡s ❝r♦ss ❜❡t✇❡❡♥ ✷✷✵✵ ❛♥❞ ✷✸✵✵✳ ❚❤✉s✱ r❛t❡✲
❞❛♠❛❣❡ ❧❡❛❞ t♦ ❛ s✐❣♥✐✜❝❛♥t ❞❡❧❛② ✐♥ t❤❡ ✉s❡ ♦❢ t❤❡ ❝❛r❜♦♥ ❜✉❞❣❡t t♦ r❡❛❝❤ t❤❡
s❛♠❡ t❡♠♣❡r❛t✉r❡ t❛r❣❡t✳ ■♠♣♦rt❛♥t❧②✱ t❤❡ t❡♠♣♦r❛❧ ❞②♥❛♠✐❝s ♦❢ ✐♠♣❛❝ts ❞✐✛❡r
❜❡t✇❡❡♥ ❜♦t❤ t②♣❡s ♦❢ ❞❛♠❛❣❡s✳ ❚❤❡ st♦❝❦ ❡①t❡r♥❛❧✐t② ❢r♦♠ ❧❡✈❡❧ ✐♠♣❛❝ts r✐s❡s
♦✈❡r t✐♠❡ ❛s t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣
r❛t❡s ❤✐t ❡❝♦♥♦♠✐❡s ❡❛r❧② ♦♥ ❛♥❞ ✈❛♥✐s❤ ❛s t❡♠♣❡r❛t✉r❡s st❛❜✐❧✐③❡✳ ❉❛♠❛❣❡s
❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s t❤❡r❡❢♦r❡ ♠❛❦❡ ❝❛r❜♦♥ ♣r✐❝❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ❞✐s❝♦✉♥t✐♥❣
❛ss✉♠♣t✐♦♥s ✭s❡❡ ✜❣✉r❡ ✸✮✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡ ❝❡♥tr❛❧ ✈❛❧✉❡ ♦❢ γ✱ ✇❤❡♥ t❤❡r❡
✐s ♥♦ ❞❛♠❛❣❡ ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s✱ ♠♦✈✐♥❣ t❤❡ ♣✉r❡ r❛t❡ ♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡ ❢r♦♠
✶ t♦ ✸✪ ❧❡❛❞s t♦ ❛ t❤r❡❡❢♦❧❞ r❡❞✉❝t✐♦♥ ✐♥ ❝❛r❜♦♥ ♣r✐❝❡s✳ ❍♦✇❡✈❡r✱ ✐❢ ✇❡ ❛ss✉♠❡
α = 100✱ t❤❡ s❛♠❡ ❝❤❛♥❣❡ ✐♥ t✐♠❡ ♣r❡❢❡r❡♥❝❡ ♦♥❧② ❧❡❛❞s t♦ ❛ ✸✵✪ r❡❞✉❝t✐♦♥ ♦❢
❝❛r❜♦♥ ♣r✐❝❡s✳

❋✐❣✉r❡ ✶✿ ❈❛r❜♦♥ ♣r✐❝❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣
❧❡✈❡❧ ✭γ✮✱ ❛♥❞ ✇❛r♠✐♥❣ r❛t❡ ✭α✮

✷✳✷ ▲❡✈❡❧ ✈s ❘❛t❡ ❞❛♠❛❣❡s✿ ❛ ❝♦♥tr♦❧❧❡❞ ❝♦♠♣❛r✐s♦♥

❚♦ ❤✐❣❤❧✐❣❤t ❤♦✇ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❤❛♥♥❡❧s ♦❢ ❞❛♠❛❣❡ ✐♥✢✉❡♥❝❡
♦♣t✐♠❛❧ ♣♦❧✐❝②✱ ■ ❡①♣❧♦r❡ ❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t✐❡s ♦❢ t❤❡ ❡❝♦♥♦♠② t♦ t❤❡ ❧❡✈❡❧ ❛♥❞
s♣❡❡❞ ♦❢ ✇❛r♠✐♥❣ ❛✛❡❝ts✱ ❦❡❡♣✐♥❣ ✬t♦t❛❧ ❞❛♠❛❣❡s✬ ❝♦♥st❛♥t✳ ❚❤✐s ❛❧❧♦✇s t♦
❞✐s❡♥t❛♥❣❧❡ t❤❡ str✉❝t✉r❛❧ ♥❛t✉r❡ ♦❢ ❞❛♠❛❣❡s ✭❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧ ♦r ✇❛r♠✐♥❣
r❛t❡✮ ❢r♦♠ t❤❡ ✐♥❝r❡❛s❡❞ ♠❛❣♥✐t✉❞❡ ♦❢ ❞❛♠❛❣❡s✳ ❚♦ ❞♦ s♦✱ ■ ❡①♣❧♦r❡ t❤❡ r❡s✉❧ts
✉♥❞❡r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❞❛♠❛❣❡ ♣❛r❛♠❡t❡rs ❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡ ✇❡❧❢❛r❡ ❧♦ss
✉♥❞❡r ❛ ❧❛✐ss❡③✲❢❛✐r❡ s❝❡♥❛r✐♦✳ ❚❤✐s ♠❡tr✐❝ ✐s ✉s❡❞ ♥♦t❛❜❧② ✐♥ ❙t❡r♥ ✭✷✵✵✼✮✱
❛♥❞ ❛♣♣❧✐❡❞ ✐♥ ●✉✐✈❛r❝❤ ❛♥❞ P♦tt✐❡r ✭✷✵✶✽✮ t♦ ❝♦♠♣❛r❡ t❤❡ ❡✛❡❝t ♦❢ ❞❛♠❛❣❡

✾
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❋✐❣✉r❡ ✷✿ ❊✈♦❧✉t✐♦♥ ♦❢ ❝❛r❜♦♥ ♣r✐❝❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ ❞❛♠❛❣❡s
❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧ ✭γ✮✱ ❛♥❞ ✇❛r♠✐♥❣ r❛t❡ ✭α✮

❋✐❣✉r❡ ✸✿ ❈❛r❜♦♥ ♣r✐❝❡ s❡♥s✐t✐✈✐t② t♦ ♣✉r❡ r❛t❡ ♦❢ t✐♠❡ ♣r❡❢❡r❡♥❝❡ ✭ρ✮✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s
♦❢ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧ ✭γ✮✱ ❛♥❞ ✇❛r♠✐♥❣ r❛t❡ ✭α✮

❢❛❧❧✐♥❣ ♦♥ ●❉P ❧❡✈❡❧ ❛♥❞ ●❉P ❣r♦✇t❤✳ ❲❡❧❢❛r❡ ❧♦ss❡s ♥❡❡❞ t♦ ❜❡ ❛ss❡ss❡❞ ✐♥ ❛
❧❛✐ss❡③✲❢❛✐r❡ s❝❡♥❛r✐♦ s♦ t❤❡② ♦♥❧② r❡✢❡❝t ❞❛♠❛❣❡✱ ❛♥❞ ♥♦t ♠✐t✐❣❛t✐♦♥ ❝♦sts✳

■ ❝♦♠♣✉t❡ ✈❛❧✉❡s ♦❢ α ❛♥❞ γ ❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡ ✇❡❧❢❛r❡ ❧♦ss✳ ■ ❝♦♥s✐❞❡r

✶✵



t❤r❡❡ ❞❛♠❛❣❡ str❡♥❣t❤s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛s❡ ♦❢ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣
❧❡✈❡❧ γ ✐♥ ✵✳✵✵✺✱ ✵✳✵✶✱✵✳✵✷✳ ❚❤❡s❡ ✈❛❧✉❡s ♠❛❦❡ ❝❧✐♠❛t❡ ❞❛♠❛❣❡s ❝♦rr❡s♣♦♥❞ t♦
❛ ❧♦ss ♦❢ ❝♦♥s✉♠♣t✐♦♥✱ ♥♦✇ ❛♥❞ ❢♦r❡✈❡r✱ ♦❢ r❡s♣❡❝t✐✈❡❧② ❛r♦✉♥❞ ✶✪ ✭❧♦✇✮✱✷✪
✭♠❡❞✐✉♠✮ ❛♥❞ ✹✪ ✭❤✐❣❤✮✳ ◆♦t❡ t❤❛t ❛ttr✐❜✉t✐♥❣ ❧♦ss❡s t♦ ✇❛r♠✐♥❣ r❛t❡s ✐♥ t❤❡
❧♦✇ ❛♥❞ ♠❡❞✐✉♠ ❞❛♠❛❣❡ ❝❛s❡ ❝♦rr❡s♣♦♥❞ t♦ ✈❛❧✉❡s ♦❢ α ♦❢ r❡s♣❡❝t✐✈❡❧② ✶✵✵ ❛♥❞
✷✵✵✱ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢r♦♠ ❑❛❤♥ ❡t ❛❧✳ ✭✷✵✶✾✮✳
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❋✐❣✉r❡ ✹✿ ■♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❝❛r❜♦♥ ♣r✐❝❡ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❞❛♠❛❣❡ str❡♥❣t❤

■♥ t❤❡ ❧♦♥❣✲t❡r♠ ❝❛r❜♦♥ ♣r✐❝❡s ❛r❡ ❛❧✇❛②s ❧♦✇❡r ✇❤❡♥ ❞❛♠❛❣❡s st❡♠ ❢r♦♠
✇❛r♠✐♥❣ ❧❡✈❡❧s ✭❛ ❤✐❣❤❡r α ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ❧♦✇❡r γ✮✳ ■♥❞❡❡❞✱ ❛s ❡♠✐ss✐♦♥s
❞❡❝r❡❛s❡ ❛♥❞ t❡♠♣❡r❛t✉r❡ ❣r❛❞✉❛❧❧② st❛❜✐❧✐③❡✱ t❤❡ ❧❡✈❡❧ ❡✛❡❝t ❞♦♠✐♥❛t❡s ✭s❡❡
✜❣✉r❡ ✹✮✳ ❚❤✐s ✐s ❞✐r❡❝t❧② ❧✐♥❦❡❞ t♦ t❤❡ ❢❛❝t t❤❛t ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s
❣❡♥❡r❛t❡ ❛ ✢♦✇ ❡①t❡r♥❛❧✐t② ❛♥❞ ❛r❡ tr❛♥s✐t✐♦♥❛❧✱ ✇❤✐❧❡ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣
❧❡✈❡❧s ❛r❡ ♣❡r♠❛♥❡♥t ❛♥❞ s♦ ❧❡❛❞ t♦ ♠♦r❡ str✐♥❣❡♥t ❧♦♥❣✲t❡r♠ t❛r❣❡ts✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ s❤♦rt r✉♥✱ t❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❧❡✈❡❧ ❛♥❞ r❛t❡ ❞❛♠❛❣❡ ✐s ❛

♣r✐♦r✐ ❛♠❜✐❣✉♦✉s ♦♥ t❤❡ ❝❛r❜♦♥ ♣r✐❝❡✱ ❜❡❝❛✉s❡ α ❛♥❞ γ ❜♦t❤ ✐♥❝r❡❛s❡ t❤❡ ❝❛r❜♦♥
♣r✐❝❡✳ ❆ ❧♦✇❡r γ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r❡❛t❡r ❝❛r❜♦♥ ❜✉❞❣❡t✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s
❝❛r❜♦♥ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ ❛ ❣r❡❛t❡r α ❣✐✈❡s ♠♦r❡ ✐♥❝❡♥t✐✈❡s t♦ r❡❞✉❝❡ ❡♠✐ss✐♦♥s
✐♥ t❤❡ s❤♦rt✲r✉♥✳ ■♥ t❤❡ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❝♦♥s✐❞❡r❡❞✱ t❤❡ r❛t❡✲❡✛❡❝t ❞♦♠✐♥❛t❡s✱
❛♥❞ t❤✉s ♠♦r❡ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ❧❡❛❞ t♦ ❣r❡❛t❡r ❝❛r❜♦♥ ♣r✐❝❡ ✐♥ t❤❡
s❤♦rt✲r✉♥✳ ❚❤❡ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ t②♣❡s ♦❢ ❞❛♠❛❣❡s ♠❛tt❡rs ♠♦r❡ ✇❤❡♥ t❤❡
❞❛♠❛❣❡ str❡♥❣t❤ ✐s ❧♦✇✱ ✇✐t❤ ❞✐s❝r❡♣❛♥❝✐❡s r❡❛❝❤✐♥❣ ✹✺✪ ♦❢ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡
✐♥✐t✐❛❧ ❝❛r❜♦♥ ♣r✐❝❡✳ ❈♦♥✈❡rs❡❧②✱ ✇❤❡t❤❡r ❞❛♠❛❣❡s ❝♦♠❡ ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ♦r
✇❛r♠✐♥❣ ❧❡✈❡❧s ♦♥❧② ❧❡❛❞s t♦ ✶✵✪ ❞✐✛❡r❡♥❝❡s ✐♥ ✐♥✐t✐❛❧ ❝❛r❜♦♥ ♣r✐❝❡ ✉♥❞❡r t❤❡
❛ss✉♠♣t✐♦♥ ♦❢ ❤✐❣❤ ❞❛♠❛❣❡ str❡♥❣t❤✳ ■♥❞❡❡❞✱ ✉♥❞❡r str♦♥❣ ✇❡❧❢❛r❡ ✐♠♣❛❝ts✱
t❤❡r❡ ✐s ❛ str♦♥❣ ✐♥❝❡♥t✐✈❡ t♦ ❧✐♠✐t✐♥❣ ❡♠✐ss✐♦♥s ✐♥ t❤❡ s❤♦rt✲r✉♥✱ ✇❤✐❝❤ ❛❧s♦
❧✐♠✐ts t❤❡ r❛t❡ ♦❢ ✇❛r♠✐♥❣ ✐♥ t❤❡ s❤♦rt✲r✉♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ✇❡❧❢❛r❡
❧♦ss❡s ❢r♦♠ ❝❧✐♠❛t❡ ❞❛♠❛❣❡s ❛r❡ r❛t❤❡r ❧♦✇✱ t❤❡r❡ ❝❛♥ ❜❡ ❛ str♦♥❣ ❞✐s❝r❡♣❛♥❝②
❜❡t✇❡❡♥ t❤❡ ❝❛s❡ ♦❢ ❧❡✈❡❧✲♦♥❧② ❞❛♠❛❣❡s ✭✐♥ ✇❤✐❝❤ ✇❛r♠✐♥❣ ✐♥❝r❡❛s❡s ♣r❡tt② ❢❛st
✐♥ t❤❡ s❤♦rt✲r✉♥✮✱ ❛♥❞ t❤❡ ❝❛s❡ ♦❢ r❛t❡✲♦♥❧② ❞❛♠❛❣❡s ✭✐♥ ✇❤✐❝❤ ✇❛r♠✐♥❣ r❛t❡ ✐s

✶✶



❝♦♥t❛✐♥❡❞✮✳

✸ P❡rs♣❡❝t✐✈❡ ❛♥❞ ❝♦♥❝❧✉s✐♦♥

■♥ t❤✐s ❛rt✐❝❧❡✱ ■ ❛r❣✉❡ t❤❛t t❤❡ r❛t❡ ♦❢ ✇❛r♠✐♥❣ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❛s✲
s❡ss✐♥❣ ❞❛♠❛❣❡s ❢r♦♠ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✳ ■ r❡✈✐❡✇ t❤❡ ❧✐t❡r❛t✉r❡ t♦ s❤♦✇ t❤❛t ❜♦t❤
♥❛t✉r❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ s②st❡♠s ❤❛✈❡ ❧✐♠✐t❡❞ ❛❜✐❧✐t② t♦ ❛❞❛♣t t♦ r❛♣✐❞ ❝❤❛♥❣❡s✱
t❤✉s s✉❣❣❡st✐♥❣ t❤❛t ❞❛♠❛❣❡s ❞❡♣❡♥❞ ♥♦t ♦♥❧② ♦♥ ✇❛r♠✐♥❣ ❧❡✈❡❧s✱ ❜✉t ❛❧s♦ ♦♥
✇❛r♠✐♥❣ r❛t❡s✳

❯s✐♥❣ ❛♥ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❝❧✐♠❛t❡ ❛♥❞ t❤❡ ❡❝♦♥♦♠②✱ ■ s❤♦✇ t❤❛t t❤❡
❞❛♠❛❣❡s ❢r♦♠ t❤❡ r❛t❡ ♦❢ ❝❤❛♥❣❡ ❞♦ ♥♦t ❛✛❡❝t ♦♣t✐♠❛❧ ❧♦♥❣✲t❡r♠ t❡♠♣❡r❛t✉r❡
❝❤❛♥❣❡✱ ❝♦♠♣❛r❡❞ t♦ ❛ ❝❛s❡ ✇❤❡♥ ❞❛♠❛❣❡s ♦♥❧② ❞❡♣❡♥❞ ♦♥ ✇❛r♠✐♥❣ ❧❡✈❡❧✳ ❚❤✐s
✐s ❞✉❡ t♦ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ ✜rst ❡♠✐ss✐♦♥ ❜❡✐♥❣ ✉♥❝❤❛♥❣❡❞ ✉♥❞❡r
❡①♣♦♥❡♥t✐❛❧✲q✉❛❞r❛t✐❝ ❞❛♠❛❣❡s ❢r♦♠ t❤❡ r❛t❡ ♦❢ ✇❛r♠✐♥❣✳ ❍♦✇❡✈❡r✱ t❤❡ ✉s❡
♦❢ t❤❡ s❛♠❡ ❝❛r❜♦♥ ❜✉❞❣❡t ✐s s♣r❡❛❞ ♦✈❡r t✐♠❡✳ ❉❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡
✇❛rr❛♥t ❤✐❣❤❡r ❝❛r❜♦♥ ♣r✐❝❡ ✐♥ t❤❡ s❤♦rt✲r✉♥✱ ❜✉t ❝❛r❜♦♥ ♣r✐❝❡ s❤♦✉❧❞ ✐♥❝r❡❛s❡
s❧♦✇❧✐❡r✳ ❲❤❡♥ ❝♦♥tr♦❧❧✐♥❣ ❢♦r t❤❡ ✇❡❧❢❛r❡ ❧♦ss❡s ✉♥❞❡r ❛ ❜✉s✐♥❡ss ❛s ✉s✉❛❧
s❝❡♥❛r✐♦✱ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡ st✐❧❧ r❡q✉✐r❡ ❤✐❣❤❡r ❝❛r❜♦♥ ♣r✐❝❡ ✐♥ t❤❡
s❤♦rt r✉♥✱ ❡✈❡♥ ✐❢ r❡❞✉❝❡❞ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ ❧❡✈❡❧s ✉❧t✐♠❛t❡❧② ❧❡❛❞s t♦
❧♦✇❡r ❝❛r❜♦♥ ♣r✐❝❡ ❛♥❞ ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡ ❧❡✈❡❧s ✐♥ t❤❡ ❧♦♥❣✲t❡r♠✳

❚❤✐s s✉❣❣❡sts t❤❛t ♠✐t✐❣❛t✐♦♥ str❛t❡❣✐❡s ♦♥❧② s❡❡❦✐♥❣ t♦ ❝♦♥t❛✐♥ ❣❧♦❜❛❧ t❡♠✲
♣❡r❛t✉r❡s ❜❡❧♦✇ ❛ ❝❡rt❛✐♥ ❧❡✈❡❧✱ ❛s s♣❡❝✐✜❡❞ ❜② t❤❡ P❛r✐s ❆❣r❡❡♠❡♥t✱ ♦✈❡r❧♦♦❦
❝r✉❝✐❛❧ ✐ss✉❡s ♦♥ t❤❡ t✐♠✐♥❣ ❛t ✇❤✐❝❤ t❤❡ t❛r❣❡t s❤♦✉❧❞ ❜❡ r❡❛❝❤❡❞ t♦ ♠✐♥✐✲
♠✐③❡ ❞❛♠❛❣❡s✳ ❆❧t❤♦✉❣❤ ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡ ❛r❡ ♦♥❧② tr❛♥s✐t✐♦♥❛❧✱
❝♦♠♣❛r❡❞ t♦ ♣❡r♠❛♥❡♥t ✬❧❡✈❡❧ ❞❛♠❛❣❡s✬✱ t❤❡② ❛r❡ ❝r✉❝✐❛❧ t♦ ✉♥❞❡rst❛♥❞ ♦♣t✐✲
♠❛❧ ♠✐t✐❣❛t✐♦♥ ✐♥ t❤❡ s❤♦rt r✉♥✳ ❚❤✐s ♦♣❡♥s ✉♣ r❡s❡❛r❝❤ ❛✈❡♥✉❡s t♦ ❢✉rt❤❡r
r❡✜♥❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❤♦✇ ❞✐✛❡r❡♥t ✇❛r♠✐♥❣ r❛t❡s ❛✛❡❝t ❡❝♦♥♦♠✐❝ ❛♥❞
♥❛t✉r❛❧ s②st❡♠s✳ ■ ❛❝❦♥♦✇❧❡❞❣❡ t❤❛t ❜♦t❤ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ❞❛♠❛❣❡s ❛♥❞
t❤❡ ❝❛❧✐❜r❛t✐♦♥ ■ ✉s❡ ✐s q✉❡st✐♦♥❛❜❧❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛s st❛t❡❞ ❛❜♦✈❡✱ ❛ss✉♠✐♥❣
t❤❛t t❤❡ ❞❛♠❛❣❡ ❢❛❝t♦r ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ✐s ❡①♣♦♥❡♥t✐❛❧✲❧✐♥❡❛r✱ r❛t❤❡r t❤❛♥
❡①♣♦♥❡♥t✐❛❧✲q✉❛❞r❛t✐❝✱ r❡❞✉❝❡s ♦♣t✐♠❛❧ ❧♦♥❣✲t❡r♠ ✇❛r♠✐♥❣✳ ■♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥
■ ✉s❡✱ ✇❛r♠✐♥❣ r❛t❡ ❛✛❡❝ts ♦✉t♣✉t ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✱ ✇❤✐❧❡ t❤❡ ❡✛❡❝ts ❝♦✉❧❞
❜❡ ♠♦r❡ ♣❡rs✐st❡♥t✳

❆❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡❝♦♥♦♠✐❡s t♦ ✇❛r♠✐♥❣ r❛t❡ ❤❛s ❝r✉❝✐❛❧ ✐♠✲
♣❧✐❝❛t✐♦♥s ❢♦r ♦t❤❡r ❝❧✐♠❛t❡ ♣♦❧✐❝② q✉❡st✐♦♥s✱ ✇❤✐❝❤ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ♠♦❞❡❧
■ ✉s❡ ❞♦❡s ♥♦t ❛❧❧♦✇ ♠❡ t♦ ❞❡❛❧ ✇✐t❤✳ ❋✐rst✱ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ r❡❧② ♦♥ ♥❡❣❛t✐✈❡
❡♠✐ss✐♦♥s ✐♥ t❤❡ ❢✉t✉r❡ r❛✐s❡s t❤❡ q✉❡st✐♦♥ ♦❢ ❛ss❡ss✐♥❣ ♦✈❡rs❤♦♦t t❡♠♣❡r❛t✉r❡
tr❛❥❡❝t♦r✐❡s✱ ✐♥ ✇❤✐❝❤ ❊❛rt❤ ✇❛r♠s ✉♣ t♦ ❛ ♣❡❛❦ ❜❡❢♦r❡ ❞❡❝r❡❛s✐♥❣ s✐❣♥✐✜❝❛♥t❧②
✭❇♦✇❡r♠❛♥ ❡t ❛❧✳✱ ✷✵✶✶✮✳ ❖✈❡rs❤♦♦t tr❛❥❡❝t♦r✐❡s ❤❛✈❡ ❛ ✈❡r② ❞✐✛❡r❡♥t t❡♠♣❡r✲
❛t✉r❡ ❞②♥❛♠✐❝s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇✐t❤ ❛ str♦♥❣ r❛t❡ ♦❢ t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡ ✐♥ t❤❡
s❤♦rt✲t❡r♠✳ ❚❤✉s✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r ❞❛♠❛❣❡s ❢r♦♠ ✇❛r♠✐♥❣ r❛t❡s ✇♦✉❧❞ ♣r♦❜❛❜❧②
❛✛❡❝t t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ s✉❝❤ ♣❛t❤✇❛②s✳ ❙❡❝♦♥❞✱ ❣✐✈❡♥ t❤❛t ❞✐✛❡r❡♥t ❣r❡❡♥❤♦✉s❡

✶✷



❣❛s ❤❛✈❡ ❞✐✛❡r❡♥t ❧✐❢❡t✐♠❡s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ r❛t❡✲❞❡♣❡♥❞❡♥t ❞❛♠❛❣❡s ❝❛♥
❝❤❛♥❣❡ t❤❡ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❣r❡❡♥❤♦✉s❡ ❣❛s ✭▼❛♥♥❡ ❛♥❞ ❘✐❝❤❡❧s✱ ✷✵✵✶✮✱ ❛♥❞
✇♦✉❧❞ ♣r♦✈✐❞❡ ❛ str♦♥❣❡r ❝❛s❡ ❢♦r ❛❜❛t✐♥❣ s❤♦rt✲❧✐✈❡❞ ❛t♠♦s♣❤❡r✐❝ ❝♦♠♣♦♥❡♥ts
✐♥ t❤❡ ♥❡❛r✲t❡r♠✱ ✐♥ ♦r❞❡r t♦ s❧♦✇ ✇❛r♠✐♥❣ r❛t❡s✳

✶✸



❘❡❢❡r❡♥❝❡s

❆✉❢❢❤❛♠♠❡r✱ ▼❛①✐♠✐❧✐❛♥ ✭✷✵✶✽✱ ◆♦✈❡♠❜❡r✮ ✖ ◗✉❛♥t✐❢②✐♥❣ ❊❝♦♥♦♠✐❝ ❉❛♠✲
❛❣❡s ❢r♦♠ ❈❧✐♠❛t❡ ❈❤❛♥❣❡✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s ✸✷ ✭✹✮✱ ♣♣✳ ✸✸✕
✺✷✳

❇♦✇❡r♠❛♥✱ ◆✐❡❧ ❍❆✱ ❉❛✈✐❞ ❏✳ ❋r❛♠❡✱ ❈❤r✐s ❍✉♥t✐♥❣❢♦r❞✱ ❏❛s♦♥ ❆✳
▲♦✇❡✱ ❛♥❞ ▼②❧❡s ❘✳ ❆❧❧❡♥ ✭✷✵✶✶✮ ✖ ❈✉♠✉❧❛t✐✈❡ ❝❛r❜♦♥ ❡♠✐ss✐♦♥s✱ ❡♠✐s✲
s✐♦♥s ✢♦♦rs ❛♥❞ s❤♦rt✲t❡r♠ r❛t❡s ♦❢ ✇❛r♠✐♥❣✿ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♣♦❧✐❝②✱ P❤✐❧♦✲
s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✲

✐❝❛❧ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s ✸✻✾ ✭✶✾✸✹✮✱ ♣♣✳ ✹✺✕✻✻✳

❉✐❛③✱ ❉❡❧❛✈❛♥❡ ❛♥❞ ❋r❛♥❝❡s▼♦♦r❡ ✭✷✵✶✼✮ ✖ ◗✉❛♥t✐❢②✐♥❣ t❤❡ ❡❝♦♥♦♠✐❝ r✐s❦s
♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✱ ◆❛t✉r❡ ❈❧✐♠❛t❡ ❈❤❛♥❣❡ ✼ ✭✶✶✮✱ ♣♣✳ ✼✼✹✳

❉✐❡t③✱ ❙✐♠♦♥ ❛♥❞ ❋r❛♥❦ ❱❡♥♠❛♥s ✭✷✵✶✾✱ ❏✉❧②✮ ✖ ❈✉♠✉❧❛t✐✈❡ ❝❛r❜♦♥ ❡♠✐s✲
s✐♦♥s ❛♥❞ ❡❝♦♥♦♠✐❝ ♣♦❧✐❝②✿ ■♥ s❡❛r❝❤ ♦❢ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡s✱ ❏♦✉r♥❛❧ ♦❢ ❊♥✈✐✲
r♦♥♠❡♥t❛❧ ❊❝♦♥♦♠✐❝s ❛♥❞ ▼❛♥❛❣❡♠❡♥t ✾✻✱ ♣♣✳ ✶✵✽✕✶✷✾✳

❋❛♥❦❤❛✉s❡r✱ ❙❛♠✉❡❧ ❛♥❞ ❘❛❧✉❝❛ ❙♦❛r❡ ✭✷✵✶✸✮ ✖ ❆♥ ❡❝♦♥♦♠✐❝ ❛♣♣r♦❛❝❤ t♦
❛❞❛♣t❛t✐♦♥✿ ✐❧❧✉str❛t✐♦♥s ❢r♦♠ ❊✉r♦♣❡✱ ❈❧✐♠❛t✐❝ ❈❤❛♥❣❡ ✶✶✽ ✭✷✮✱ ♣♣✳ ✸✻✼✕
✸✼✾✳

❋❛r③✐♥✱ ❨✳ ❍✳ ✭✶✾✾✻✱ ❖❝t♦❜❡r✮ ✖ ❖♣t✐♠❛❧ ♣r✐❝✐♥❣ ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ❛♥❞ ♥❛t✉r❛❧
r❡s♦✉r❝❡ ✉s❡ ✇✐t❤ st♦❝❦ ❡①t❡r♥❛❧✐t✐❡s✱ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s ✻✷ ✭✶✮✱
♣♣✳ ✸✶✕✺✼✳

●❡r❧❛❣❤✱ ❘❡②❡r ❛♥❞ ▼❛tt✐ ▲✐s❦✐ ✭✷✵✶✽✱ ❋❡❜r✉❛r②✮ ✖ ❈♦♥s✐st❡♥t ❝❧✐♠❛t❡
♣♦❧✐❝✐❡s✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊✉r♦♣❡❛♥ ❊❝♦♥♦♠✐❝ ❆ss♦❝✐❛t✐♦♥ ✶✻ ✭✶✮✱ ♣♣✳ ✶✕✹✹✳

●✐❧♠❛♥✱ ❊r✐❝ ▲✳✱ ❏♦❛♥♥❛ ❊❧❧✐s♦♥✱ ◆♦r♠❛♥ ❈✳ ❉✉❦❡✱ ❛♥❞ ❈♦❧✐♥ ❋✐❡❧❞ ✭✷✵✵✽✮
✖ ❚❤r❡❛ts t♦ ♠❛♥❣r♦✈❡s ❢r♦♠ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❛♥❞ ❛❞❛♣t❛t✐♦♥ ♦♣t✐♦♥s✿ ❛
r❡✈✐❡✇✱ ❆q✉❛t✐❝ ❜♦t❛♥② ✽✾ ✭✷✮✱ ♣♣✳ ✷✸✼✕✷✺✵✳

●♦❧♦s♦✈✱ ▼✐❦❤❛✐❧✱ ❏♦❤♥❍❛ss❧❡r✱ P❡r❑r✉s❡❧❧✱ ❛♥❞ ❆❧❡❤❚s②✈✐♥s❦✐ ✭✷✵✶✹✮
✖ ❖♣t✐♠❛❧ t❛①❡s ♦♥ ❢♦ss✐❧ ❢✉❡❧ ✐♥ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠✱ ❊❝♦♥♦♠❡tr✐❝❛ ✽✷ ✭✶✮✱
♣♣✳ ✹✶✕✽✽✳

●✉✐✈❛r❝❤✱ ❈é❧✐♥❡ ❛♥❞ ❆♥t♦♥✐♥ P♦tt✐❡r ✭✷✵✶✽✮ ✖ ❈❧✐♠❛t❡ ❉❛♠❛❣❡ ♦♥ Pr♦✲
❞✉❝t✐♦♥ ♦r ♦♥ ●r♦✇t❤✿ ❲❤❛t ■♠♣❛❝t ♦♥ t❤❡ ❙♦❝✐❛❧ ❈♦st ♦❢ ❈❛r❜♦♥❄✱ ❊♥✈✐✲
r♦♥♠❡♥t❛❧ ▼♦❞❡❧✐♥❣ ✫ ❆ss❡ss♠❡♥t ✷✸ ✭✷✮✱ ♣♣✳ ✶✶✼✕✶✸✵✳

❍❛❧❧❡❣❛tt❡✱ ❙té♣❤❛♥❡ ✭✷✵✵✾✮ ✖ ❙tr❛t❡❣✐❡s t♦ ❛❞❛♣t t♦ ❛♥ ✉♥❝❡rt❛✐♥ ❝❧✐♠❛t❡
❝❤❛♥❣❡✱ ●❧♦❜❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝❤❛♥❣❡ ✶✾ ✭✷✮✱ ♣♣✳ ✷✹✵✕✷✹✼✳

❍♦❡❣❤✲●✉❧❞❜❡r❣✱ ❖✈❡ ✭✷✵✵✾✮ ✖ ❈❧✐♠❛t❡ ❝❤❛♥❣❡ ❛♥❞ ❝♦r❛❧ r❡❡❢s✿ ❚r♦❥❛♥
❤♦rs❡ ♦r ❢❛❧s❡ ♣r♦♣❤❡❝②❄✱ ❈♦r❛❧ ❘❡❡❢s ✷✽ ✭✸✮✱ ♣♣✳ ✺✻✾✕✺✼✺✳

✶✹



❍♦❡❣❤✲●✉❧❞❜❡r❣✱ ❖✈❡✱ P❡t❡r ❏✳ ▼✉♠❜②✱ ❆♥t❤♦♥② ❏✳ ❍♦♦t❡♥✱ ❘♦❜❡rt ❙✳
❙t❡♥❡❝❦✱ P❛✉❧ ●r❡❡♥❢✐❡❧❞✱ ❊✳ ●♦♠❡③✱ ❈✳ ❉r❡✇ ❍❛r✈❡❧❧✱ P❡t❡r ❋✳
❙❛❧❡✱ ❆❧❛❞❞❛✐r ❏✳ ❊❞✇❛r❞s✱ ❛♥❞ ❑❡♥ ❈❛❧❞❡✐r❛ ✭✷✵✵✼✮ ✖ ❈♦r❛❧ r❡❡❢s
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t❡♠✿ ❈♦♠♠❡♥t✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✳

▼❛tt❤❡✇s✱ ❍✳ ❉❛♠♦♥✱ ◆❛t❤❛♥ P✳ ●✐❧❧❡tt✱ P❡t❡r ❆✳ ❙t♦tt✱ ❛♥❞ ❑✐rst❡♥
❩✐❝❦❢❡❧❞ ✭✷✵✵✾✮ ✖ ❚❤❡ ♣r♦♣♦rt✐♦♥❛❧✐t② ♦❢ ❣❧♦❜❛❧ ✇❛r♠✐♥❣ t♦ ❝✉♠✉❧❛t✐✈❡
❝❛r❜♦♥ ❡♠✐ss✐♦♥s✱ ◆❛t✉r❡ ✹✺✾ ✭✼✷✹✽✮✱ ♣♣✳ ✽✷✾✳

▼❛②♥❛r❞✱ ❏❡✛r❡② ❆✳✱ ❆♥❞r❡✇ ❍✳ ❇❛✐r❞✱ ❛♥❞ ▼♦r❣❛♥ ❙✳ Pr❛t❝❤❡tt ✭✷✵✵✽✮
✖ ❘❡✈✐s✐t✐♥❣ t❤❡ ❈❛ss❛♥❞r❛ s②♥❞r♦♠❡❀ t❤❡ ❝❤❛♥❣✐♥❣ ❝❧✐♠❛t❡ ♦❢ ❝♦r❛❧ r❡❡❢
r❡s❡❛r❝❤✱ ❈♦r❛❧ ❘❡❡❢s ✷✼ ✭✹✮✱ ♣♣✳ ✼✹✺✕✼✹✾✳

◆❡✇✱ ▼❛r❦✱ ❉✐❛♥❛ ▲✐✈❡r♠❛♥✱ ❍❡✐❦❡ ❙❝❤r♦❞❡r✱ ❛♥❞ ❑❡✈✐♥ ❆♥❞❡rs♦♥

✭✷✵✶✶✱ ❏❛♥✉❛r②✮ ✖ ❋♦✉r ❞❡❣r❡❡s ❛♥❞ ❜❡②♦♥❞✿ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛ ❣❧♦❜❛❧

✶✻



t❡♠♣❡r❛t✉r❡ ✐♥❝r❡❛s❡ ♦❢ ❢♦✉r ❞❡❣r❡❡s ❛♥❞ ✐ts ✐♠♣❧✐❝❛t✐♦♥s✱ P❤✐❧♦s♦♣❤✐❝❛❧

❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✐❝❛❧ ❛♥❞

❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s ✸✻✾ ✭✶✾✸✹✮✱ ♣♣✳ ✻✕✶✾✳

◆♦r❞❤❛✉s✱ ❲✐❧❧✐❛♠ ❉✳ ❛♥❞ ❆♥❞r❡✇ ▼♦❢❢❛t ✭✷✵✶✼✮ ✖ ❆ s✉r✈❡② ♦❢ ❣❧♦❜❛❧
✐♠♣❛❝ts ♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✿ r❡♣❧✐❝❛t✐♦♥✱ s✉r✈❡② ♠❡t❤♦❞s✱ ❛♥❞ ❛ st❛t✐st✐❝❛❧
❛♥❛❧②s✐s✱ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤✱ ■❙❇◆✿
✵✽✾✽✲✷✾✸✼✳

❖✬◆❡✐❧❧✱ ❇r✐❛♥ ❈✳ ❛♥❞ ▼✐❝❤❛❡❧ ❖♣♣❡♥❤❡✐♠❡r ✭✷✵✵✹✱ ◆♦✈❡♠❜❡r✮ ✖ ❈❧✐♠❛t❡
❝❤❛♥❣❡ ✐♠♣❛❝ts ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ st❛❜✐❧✐③❛t✐♦♥ ♣❛t❤✱ Pr♦✲

❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ✶✵✶ ✭✹✼✮✱ ♣♣✳ ✶✻✹✶✶✕✶✻✹✶✻✳

P❡❝❦✱ ❙t❡♣❤❡♥ ❈✳ ❛♥❞ ❚❤♦♠❛s ❏✳ ❚❡✐s❜❡r❣ ✭✶✾✾✹✱ ◆♦✈❡♠❜❡r✮ ✖ ❖♣t✐♠❛❧
❝❛r❜♦♥ ❡♠✐ss✐♦♥s tr❛❥❡❝t♦r✐❡s ✇❤❡♥ ❞❛♠❛❣❡s ❞❡♣❡♥❞ ♦♥ t❤❡ r❛t❡ ♦r ❧❡✈❡❧ ♦❢
❣❧♦❜❛❧ ✇❛r♠✐♥❣✱ ❈❧✐♠❛t✐❝ ❈❤❛♥❣❡ ✷✽ ✭✸✮✱ ♣♣✳ ✷✽✾✕✸✶✹✳

❙✐❤✐✱ ❉❡❜❥❛♥✐✱ P❛tr✐❝❦ ❲✳ ■♥❣❧❡tt✱ ❙t❡❢❛♥ ●❡r❜❡r✱ ❛♥❞ ❑❛♥✐❦❛ ❙✳ ■♥❣❧❡tt
✭✷✵✶✽✮ ✖ ❘❛t❡ ♦❢ ✇❛r♠✐♥❣ ❛✛❡❝ts t❡♠♣❡r❛t✉r❡ s❡♥s✐t✐✈✐t② ♦❢ ❛♥❛❡r♦❜✐❝ ♣❡❛t
❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❣r❡❡♥❤♦✉s❡ ❣❛s ♣r♦❞✉❝t✐♦♥✱ ●❧♦❜❛❧ ❈❤❛♥❣❡ ❇✐♦❧♦❣② ✷✹ ✭✶✮✱
♣♣✳ ❡✷✺✾✕❡✷✼✹✳

❙♠✐t✱ ❇❛rr② ❛♥❞ ❏♦❤❛♥♥❛ ❲❛♥❞❡❧ ✭✷✵✵✻✱ ❆✉❣✉st✮ ✖ ❆❞❛♣t❛t✐♦♥✱ ❛❞❛♣t✐✈❡
❝❛♣❛❝✐t② ❛♥❞ ✈✉❧♥❡r❛❜✐❧✐t②✱ ●❧♦❜❛❧ ❊♥✈✐r♦♥♠❡♥t❛❧ ❈❤❛♥❣❡ ✶✻ ✭✸✮✱ ♣♣✳ ✷✽✷✕
✷✾✷✳

❙♦❧♦♠♦♥✱ ❙✉s❛♥✱ ●✐❛♥✲❑❛s♣❡r P❧❛tt♥❡r✱ ❘❡t♦ ❑♥✉tt✐✱ ❛♥❞ P✐❡rr❡
❋r✐❡❞❧✐♥❣st❡✐♥ ✭✷✵✵✾✮ ✖ ■rr❡✈❡rs✐❜❧❡ ❝❧✐♠❛t❡ ❝❤❛♥❣❡ ❞✉❡ t♦ ❝❛r❜♦♥ ❞✐♦①✐❞❡
❡♠✐ss✐♦♥s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ♥❛t✐♦♥❛❧ ❛❝❛❞❡♠② ♦❢ s❝✐❡♥❝❡s ✶✵✻ ✭✻✮✱ ♣♣✳ ✶✼✵✹✕
✶✼✵✾✳

❙t❛❢❢♦r❞ ❙♠✐t❤✱ ▼❛r❦✱ ▲✐s❛ ❍♦rr♦❝❦s✱ ❆❧❡① ❍❛r✈❡②✱ ❛♥❞ ❈❧✐✈❡ ❍❛♠✐❧✲
t♦♥ ✭✷✵✶✶✮ ✖ ❘❡t❤✐♥❦✐♥❣ ❛❞❛♣t❛t✐♦♥ ❢♦r ❛ ✹ ❈ ✇♦r❧❞✱ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s✲
❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✐❝❛❧ ❛♥❞ ❊♥❣✐✲

♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s ✸✻✾ ✭✶✾✸✹✮✱ ♣♣✳ ✶✾✻✕✷✶✻✳

❙t❡❢❢❡♥✱ ❲✐❧❧✱ ❏♦❤❛♥ ❘♦❝❦strö♠✱ ❑❛t❤❡r✐♥❡ ❘✐❝❤❛r❞s♦♥✱ ❚✐♠♦t❤② ▼✳
▲❡♥t♦♥✱ ❈❛r❧ ❋♦❧❦❡✱ ❉✐❛♥❛ ▲✐✈❡r♠❛♥✱ ❈♦❧✐♥ P✳ ❙✉♠♠❡r❤❛②❡s✱ ❆♥✲
t❤♦♥② ❉✳ ❇❛r♥♦s❦②✱ ❙❛r❛❤ ❊✳ ❈♦r♥❡❧❧✱ ▼✐❝❤❡❧ ❈r✉❝✐❢✐①✱ ❏♦♥❛t❤❛♥ ❋✳
❉♦♥❣❡s✱ ■♥❣♦ ❋❡t③❡r✱ ❙t❡✈❡♥ ❏✳ ▲❛❞❡✱ ▼❛rt❡♥ ❙❝❤❡❢❢❡r✱ ❘✐❝❛r❞❛
❲✐♥❦❡❧♠❛♥♥✱ ❛♥❞ ❍❛♥s ❏♦❛❝❤✐♠ ❙❝❤❡❧❧♥❤✉❜❡r ✭✷✵✶✽✱ ❆✉❣✉st✮ ✖ ❚r❛✲
❥❡❝t♦r✐❡s ♦❢ t❤❡ ❊❛rt❤ ❙②st❡♠ ✐♥ t❤❡ ❆♥t❤r♦♣♦❝❡♥❡✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛✲

t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ✶✶✺ ✭✸✸✮✱ ♣♣✳ ✽✷✺✷✕✽✷✺✾✳

❙t❡r♥✱ ◆✐❝❤♦❧❛s ✭✷✵✵✼✮ ✖ ❚❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡✿ t❤❡ ❙t❡r♥ r❡✈✐❡✇✱
❝❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② ♣r❡ss✳
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❙t♦❝❦❡r✱ ❚❤♦♠❛s ❋✳ ❛♥❞ ❆♥❞r❡❛s ❙❝❤♠✐tt♥❡r ✭✶✾✾✼✮ ✖ ■♥✢✉❡♥❝❡ ♦❢
❈❖✷ ❡♠✐ss✐♦♥ r❛t❡s ♦♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ t❤❡r♠♦❤❛❧✐♥❡ ❝✐r❝✉❧❛t✐♦♥✱ ◆❛✲

t✉r❡ ✸✽✽ ✭✻✻✹✺✮✱ ♣♣✳ ✽✻✷✕✽✻✺✳

❚❛❤✈♦♥❡♥✱ ❖❧❧✐ ✭✶✾✾✺✱ ❏❛♥✉❛r②✮ ✖ ❉②♥❛♠✐❝s ♦❢ ♣♦❧❧✉t✐♦♥ ❝♦♥tr♦❧ ✇❤❡♥ ❞❛♠✲
❛❣❡ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ r❛t❡ ♦❢ ♣♦❧❧✉t✐♦♥ ❛❝❝✉♠✉❧❛t✐♦♥✱ ❊♥✈✐r♦♥♠❡♥t❛❧ ❛♥❞

❘❡s♦✉r❝❡ ❊❝♦♥♦♠✐❝s ✺ ✭✶✮✱ ♣♣✳ ✾✕✷✼✳

❚❤❛❝❦❡r❛②✱ ❙t❡♣❤❡♥ ❏✳✱ ❚✐♠♦t❤② ❍✳ ❙♣❛r❦s✱ ▼♦rt❡♥ ❋r❡❞❡r✐❦s❡♥✱ ❙❛r❛❤
❇✉rt❤❡✱ P❤✐❧✐♣ ❏✳ ❇❛❝♦♥✱ ❏❛♠❡s ❘✳ ❇❡❧❧✱ ▼❛r❝ ❙✳ ❇♦t❤❛♠✱ ❚♦♠ ▼✳
❇r❡r❡t♦♥✱ P❛✉❧ ❲✳ ❇r✐❣❤t✱ ❛♥❞ ▲❛✉r❡♥❝❡ ❈❛r✈❛❧❤♦ ✭✷✵✶✵✮ ✖ ❚r♦♣❤✐❝
❧❡✈❡❧ ❛s②♥❝❤r♦♥② ✐♥ r❛t❡s ♦❢ ♣❤❡♥♦❧♦❣✐❝❛❧ ❝❤❛♥❣❡ ❢♦r ♠❛r✐♥❡✱ ❢r❡s❤✇❛t❡r ❛♥❞
t❡rr❡str✐❛❧ ❡♥✈✐r♦♥♠❡♥ts✱ ●❧♦❜❛❧ ❈❤❛♥❣❡ ❇✐♦❧♦❣② ✶✻ ✭✶✷✮✱ ♣♣✳ ✸✸✵✹✕✸✸✶✸✳

❚♦❧✱ ❘✐❝❤❛r❞ ❙✳ ❏✳ ✭✶✾✾✻✱ ❖❝t♦❜❡r✮ ✖ ❚❤❡ ❞❛♠❛❣❡ ❝♦sts ♦❢ ❝❧✐♠❛t❡ ❝❤❛♥❣❡
t♦✇❛r❞s ❛ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥✱ ❊❝♦❧♦❣✐❝❛❧ ❊❝♦♥♦♠✐❝s ✶✾ ✭✶✮✱ ♣♣✳ ✻✼✕✾✵✳

❚♦❧✱ ❘✐❝❤❛r❞ ❙✳ ❏✳ ✭✷✵✶✽✱ ❋❡❜r✉❛r②✮ ✖ ❚❤❡ ❊❝♦♥♦♠✐❝ ■♠♣❛❝ts ♦❢ ❈❧✐♠❛t❡
❈❤❛♥❣❡✱ ❘❡✈✐❡✇ ♦❢ ❊♥✈✐r♦♥♠❡♥t❛❧ ❊❝♦♥♦♠✐❝s ❛♥❞ P♦❧✐❝② ✶✷ ✭✶✮✱ ♣♣✳ ✹✕✷✺✳

❯❧♣❤✱ ❆❧✐st❛✐r ❛♥❞ ❉❛✈✐❞ ❯❧♣❤ ✭✶✾✾✹✮ ✖ ❚❤❡ ❖♣t✐♠❛❧ ❚✐♠❡ P❛t❤ ♦❢ ❛ ❈❛r❜♦♥
❚❛①✱ ❖①❢♦r❞ ❊❝♦♥♦♠✐❝ P❛♣❡rs ✹✻✱ ♣♣✳ ✽✺✼✕✽✻✽✳

❱❛♥ ❉❡r P❧♦❡❣✱ ❋r❡❞❡r✐❝❦ ❛♥❞ ❈❡❡s ❲✐t❤❛❣❡♥ ✭✶✾✾✶✱ ❏✉♥❡✮ ✖ P♦❧❧✉✲
t✐♦♥ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ❘❛♠s❡② ♣r♦❜❧❡♠✱ ❊♥✈✐r♦♥♠❡♥t❛❧ ❛♥❞ ❘❡s♦✉r❝❡ ❊❝♦✲

♥♦♠✐❝s ✶ ✭✷✮✱ ♣♣✳ ✷✶✺✕✷✸✻✳

❲✐❡❝③♦r❡❦✱ ❙❡❜❛st✐❛♥✱ P❡t❡r ❆s❤✇✐♥✱ ❈❛t❤❡r✐♥❡ ▼✳ ▲✉❦❡✱ ❛♥❞ P❡t❡r ▼✳
❈♦① ✭✷✵✶✶✮ ✖ ❊①❝✐t❛❜✐❧✐t② ✐♥ r❛♠♣❡❞ s②st❡♠s✿ t❤❡ ❝♦♠♣♦st✲❜♦♠❜ ✐♥st❛❜✐❧✲
✐t②✱ ✐♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ❆✿ ▼❛t❤❡♠❛t✐❝❛❧✱ P❤②s✐❝❛❧

❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❙❝✐❡♥❝❡s✱ ❱♦❧✉♠❡ ✹✻✼✱ ♣♣✳ ✶✷✹✸✕✶✷✻✾✳ ❚❤❡ ❘♦②❛❧ ❙♦❝✐❡t②✳

❆ ❙♦❧✉t✐♦♥ ❢♦r t❤❡ ♥♦✲❞❡❧❛②

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ✇❡❧❢❛r❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇✐t❤ t❤✐s t✐♠❡ ♦♥❧② t✇♦
st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ t✇♦ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s ✐s✿

H =
ĉ1−η

1− η
− λSE + λk̂

[

q̂(k̂, E, S)− ĉ− (δ + n+ g)k̂
]

✭✷✻✮

❖♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❣✐✈❡ ✉s✿

λS = ĉ−η q̂(Φ− (ϕ+ αζ2)E) ✭✷✼✮

λ̇S = (ρ− n+ g(η − 1))λS
− ĉ−η q̂γζ2S ✭✷✽✮

✶✽



❉❡r✐✈❛t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ✐♥ λS✿

Ė = (ρ− n+ (η − 1)g)(E −

Φ

ϕ+ αζ2
) + ζ2γS/(ϕ+ αζ2) ✭✷✾✮

Ṡ = E ❧❡❛❞s t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

✶✾


