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Abstract

Long term strategies, relying on city planning and travel demand management, are essential if deep GHG
reduction ambitions are to be achieved in urban transport sector. However, how to precisely design such
strategies remains unclear. Indeed, whereas there is a broad consensus that urban spatial structure is a key
determinant in explaining travel pattern generation, the mechanisms are not yet fully understood. Especially,
the interplay between commuting and localization choices leading to cross commuting in a polycentric city
remains an open question, and cannot be easily explained using existing urban economics frameworks. In
this study, we introduce a novel urban economic framework, fully micro-economic based, which describes
land prices, population distribution and commuting travel choices in a polycentric city, with jobs locations
exogenously given. It relies on the modeling of moving costs and market imperfections, especially housing-
search imperfections. Using Paris as a case study, we show how this model, when adequately calibrated,
reproduces available data on the internal structure of the city (rents, population densities, travel choices).
A validation over the 1900-2010 period also shows that the model captures the main determinants of city
shape evolution over this time. This suggests that this tool can be used to inform policy decisions.

Keywords: urban economics, cross-commuting, urban planning, climate change mitigation
JEL: Q5,R14, R4

1. Introduction

Transport is one of climate change key issues. It is indeed responsible for a large fraction
(23%) of total energy related CO, emissions in the world, and this share is increasing (energy
use for transport has increased at a faster rate than any other energy end use sector since 1970)
(IPCC, 2014b). Urban transport alone is responsible for about 40% of global transport-related
energy use, and urgent and sustained mitigation policies are required in this sector (IEA, 2013).
Together with short term mitigation actions, on modal choice or vehicle efficiency for instance,
long term strategies, relying on city planning and travel demand management, are essential if deep
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GHG reduction ambitions are to be achieved (Schafer, 2012). Several studies illustrate how urban
shape (i.e. the way a city is spatially organized, its density for instance) impacts urban transports
emissions through an action on modal choice and on transport demand (Cao et al., 2009; Ewing
and Cervero, 2010; Echenique et al., 2012). This is particularly visible at the aggregate level, as
GHG emissions from land transport in cities inversely correlate with urban population densities
(Newman and Kenworthy, 1999; Rickwood et al., 2008; Kennedy et al., 2009).

However, whereas there is a broad consensus that urban spatial structure is a key determi-
nant in explaining travel pattern generation, the mechanisms are not precisely known. Most
metropolitan areas across the world are experiencing continuous increase in annual average pas-
senger km per capita, and commuting journeys, which constitute an important part of these travels,
have largely followed these general trends (Aguiléra et al., 2009; IPCC, 2014a). A better under-
standing of the mechanisms at stake and the determinants of travel demand is necessary if one
wants to contain this growth.

"Excess commuting" (or "wasteful commuting") epitomizes this lack of understanding. This
concept was initially introduced by Hamilton (1982),> and has become a well-established research
field in the subsequent decades (Ma and Banister, 2006). It represents home to work travels "in ex-
cess" of what should be the case according to urban economic models and housing expenses/travel
generalized price joined minimization which is at their core: this minimization indeed excludes
the existence of cross-commuting between job centers, whereas in practice it is widely observed.
Numerous studies have empirically examined this phenomenon, developing methods to measure
it (see for instance McMillen, 2001; O Kelly and Lee, 2005; Van Ommeren and Van der Straaten,
2005; Horner, 2008), and studying its main characteristics, such as its magnitude in different cities
around the world, or its evolution over time (Ma and Banister, 2007). Depending on how it is
measured, this excess commuting can be far from negligible, and represent more than half of the
total commuting travel distance in the city (Ma and Banister, 2006; Boussauw et al., 2011).

A number of potential explanations have been proposed in the literature to explain the dis-
crepancy between urban economics models conclusions and actual travel patterns. However, the
respective influence of these factors, as their precise consequences, is not yet fully understood (Ma
and Banister, 2006). One reason lies in the fact that only a few of these mechanisms have been
successfully included into urban economics framework. One of the main fruitful direction was
given by Anas (1990) and Martinez (1992), and proposes to introduce idiosyncratic preferences
for the different locations inside the city. This leads to cross-commuting and population mixing,
i.e. everywhere in the city can coexist different households working at different locations.

In this paper, we introduce a novel approach, and show how it is possible to include a new
mechanism causing excess-commuting into urban economics framework. This approach proposes
to explicitly model moving costs and market imperfections, especially housing-search imperfec-
tions, to account for cross-commuting. It leads to a modeled city which is broadly comparable to
what is obtained through the use of idiosyncratic preferences. However, both frameworks lead to
differing conclusions for a few key points.

Using Paris urban area as a case study, we show how the model that we propose can reproduce
available data about rents, population densities, and travel choices. It can also capture some of the

2See also subsequent debate: White (1988); Hamilton (1989); Cropper and Gordon (1991); Small and Song (1992)
2



Population density
Bid-rent

Job center A Job center B Job center A Job center B
/IS
«— i —>
. P opulation who works in
population who works in job 'F;bpcenter 3 Some people working in Job Some people working in Job
center A ) center B live here center A live here

(a) Bid-rents and population-job match in a classical (b) Ilustration of possible excess commuting.
urban economic model with several job centers.

Figure 1: Classical urban economics model and excess commuting.

characteristics of the evolution of the city since the beginning of the XXth century. This suggests
that this tool can be used to inform policy decisions.

Section 2 presents the context of our work, and sums up how existing polycentric urban eco-
nomics models describe travel choices. Section 3 presents our model, and section 4 its calibration
over Paris urban area, and especially how this model simulates cross-commuting. Section 5 con-
cludes.

2. Polycentric modeling of cities

2.1. Urban economic framework and polycentric modeling

Classical urban economics framework is an economic modeling approach developed initially
at the end of the 1960s (Alonso, 1964; Mills, 1967; Muth, 1969; a pedagogic introduction can be
found in Fujita, 1989 or Brueckner, 2012) which aims at explaining the spatial distribution - across
the city - of the costs of land and of real estate, housing surface, population density and buildings
heights and density. It considers monocentric cities, i.e. cities where everybody is working at the
same place. In this framework, people working in a certain location are willing to pay less for
accommodation when they live far from their job: the further they live, the less they are willing to
pay. The amount they are willing to pay is called the bid-rent. If landowners choose rents in each
point to maximize their profit, rents are equal to this bid-rent.

There are several ways to extend this framework to a polycentric case, i.e. when there are
several job centers in the city. First, it is possible to associate a bid-rent curve to each job center.
Landowners then determine rent level using the maximum bid-rent at every place. In such a case,
people only inhabit in places where rent is equal to their bid-rent, and this leads to a perfect
segregation of people in the city, based on their place of work (figure 1a).

In practice, however, such a configuration is not realistic, and two main discrepancies have to
be noted. This is the basis of the debate about “excess commuting” we mentioned in Introduction.
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First, in such a model, households live immediately around their place of work, whereas in practice
many households live far from their place of work, but close to the place of work of other people
(see sec. 2.2). Second, in the model, the city is divided in zones where households have the exact
same work location, whereas in practice they are mixed: it is the “population mixing” issue (see
sec. 2.3).

2.2. Commuting in excess

In a literature review, Ma and Banister (2006) list main factors which could explain the first
discrepancy, and prevent urban workers from finding nearby jobs or residential locations, thus
causing excess commuting:

(i) Multi-worker households : The increasing prevalence of two-worker households imposes
trade-offs between commuting distances of each worker, as optimizing one worker’s com-
mute may increase that of the other.

(i) Rapid job turnover versus high transaction costs of house relocation : This can lead house-
holds not to be able to fully optimize their home location with respect to their present work
location.

(i11)) Heterogeneity: Heterogeneity in population behavior, preferences, choices or possibilities
can also generate travel patterns different from what would result from a simple optimization
supposing that all households are identical. Examples include heterogeneous housing and
job markets, different tax subsidy systems, minority groups...

(iv) Neighborhood amenity and decreasing importance of commuting: Households do not only
choose their residence location based on commuting trips: the rise of telecommuting, the
increasing importance of non-work trips, and the influence of neighborhood amenity also
contribute to the existence of this excess commuting.

(v) Psychological dimension: People may want to separate homes from workplaces, and may
value the time taken to commute. This idea is supported by the invariability of average travel
times that is found in many cities, regardless of the widely differing income levels, geog-
raphy and transportation infrastructures (Zahavi and Talvitie, 1980; Levinson and Kumar,
1994; Schafer, 1998; Schafer and Victor, 2000; Mokhtarian and Chen, 2004; Metz, 2008).

The respective influence of these factors, however, is not yet fully understood, and as Ma and
Banister (2006) note, it is generally assumed that “the inflexibility of the labour market, more
black and minority workers in the urban labour force, a decrease in the mobility of workers, and
the growing non-work trips are all likely to increase the amount of excess commute”.

Several models have illustrated how such mechanisms could be included into urban economics
framework. Multi-worker household is a relatively simple extension to the monocentric model (see
for instance Kim, 1995), as is heterogeneity in households characteristics (see for instance Fujita
(1989) or all the literature about spatial mismatch, such as Gobillon et al., 2007). Local amenities
role is illustrated by Ng (2008), telecommuting by Rhee (2008) and anticipation of potential job
change by Crane (1996).3

3 About anticipation of potential job change, see also Song (1995); Anas et al. (1998). These articles deal with urban
density profiles which are implictly derived from urban economics models with different job substitution possibilities.
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All these mechanisms can lead to excess commuting, but do not explain population mixing,
however. They lead to the description of cities as spaces fully segregated in zones populated
exclusively by households with the same exact characteristics (Wheaton, 2004). Indeed, in urban
economic framework, the choice of who inhabits the land at each location is deterministically
determined based on who offers the highest rent : the inhabitants are therefore exclusively of one
type except in the case where the rent from two household groups is strictly identical. This creates
land use patterns in which there are exclusive zones or rings for each household group.

2.3. Population mixing

This population mixing issue has been somehow less studied in the literature. Different models
have been developed to account for it. They generally assume that it results from the existence
of a very large number of households characteristics, instead of a small number of possibilities.
Conceptually, the city is still divided into multiple zones of homogeneous pattern, but each zone
is in practice reduced to one, or a few, households. Taking into account explicitly a great number
of characteristics, however, generally leads to computations which are intractable analytically.

One method to bring back analytical tractability is the supposition of the existence of a con-
tinuum of households characteristics, instead of a finite number of possibilities. Including such a
continuum could be done for all the mechanisms we have listed in previous section. However, the
mathematical (and conceptual) derivations are not straightforward, and as a result it has only been
achieved for some of these mechanisms.*

In such frameworks, the distribution of the characteristics over the population is treated prob-
abilistically, and the choices of any one household can be determined only probabilistically. As
stated by Anas (1990), "equilibrium is not characterized by a statement of exactly where a par-
ticular household locates but rather by a probability distribution which gives the odds that the
representative (randomly selected) household chooses a particular location. Such a stochastic de-
scription of equilibrium does not imply that behavior is not deterministic, but only that the essential
aspects of such an equilibrium are revealed and analyzed in stochastic terms."

Let us briefly describe now how population mixing has been modelled in the literature:

Job change. A first idea is to model job changes anticipations. This can be done with a straight-
forward extension of the standard urban economic model. The idea is to suppose that households
first choose their place of residence before choosing their place of work, and that, because of some
transaction costs or unobserved idiosyncratic characteristics, they cannot fully optimize their job
location.

“*In regard to the mathematical difficulties it raises, one could wonder if it is actually useful to look for analytically
tractable models here. Numerical simulations are indeed an adequate tool to analyze the consequences of the existence
of different households characteristics (see for instance Lemoy et al., 2010, 2013). Through such simulations it is
in theory possible to include as many households characteristics as one wants, and to observe how this influences
the city. However, such simulations can only enable to study a finite number of cases, and not to rigorously infer
the consequences of generic assumptions. Also, from a practical point of view, such simulations quickly become
extremely computationally intensive if many households characteristics have to be taken into account. This limits in
practice the number of these characteristics, and the possibility to efficiently represent population mixing.



This is modeled by supposing that there is an accessibility to jobs associated with each loca-
tion in the city, and that households willingness to pay is determined by this accessibility. Once
someone locates somewhere, the actual job to which he is commuting to is selected, through some
given rule, among all jobs accessible from this location.

Let us take an example: job distribution being given in a city, it is possible to suppose that
once someone locates in location x, the probability that he will have a job located at a distance d
decreases with d. Let us call P(d) the probability to accept a given job at a distance d. Knowing
this rule, the inhabitant will anticipate that, if he locates in x, his expected future commuting
distance will be

E(d) = Y;d.P(d)
Y;P(d)

where ). ; is the sum over all jobs. It is therefore possible to use classical urban economic
framework, replacing travel costs to go to work with expected travel costs to go to potential future
job. Once people are located in the city, actual job choice is given by probabilities P(d), which
means that at any given location there will be people working in different places, i.e. there will
be population mixing. However, the main drawback of this type of model is the fact that it is
not possible to control that the number of households selected to work at a given place actually
corresponds to the number of jobs in this location.

Idiosyncratic taste constant (random utility models): discrete choice approach. One of the most
fruitful derivation, by Anas (1990)°, considers a continuum in households preferences for local
amenities. This model has been used to analyze conceptual issues (Anas and Rhee, 2006, 2007),
and has led to applications in operational, calibrated models (Anas, 2013). It proposes to add to
classic urban economics utility U a stochastic idiosyncratic taste constant € which differs among
locations for each household and differ among households for each location:

U(x) = U(Z(x),q(x)) +&(x)

where the deterministic part U(Z(x),g(x)) is a classical utility function on demand of the
composite commodity Z and lot size g. As proven by Anas (1983), if €(x) follows a type 2 Gumbel
distribution, this formulation leads to the same home-job pairing as gravity models, which describe
relatively well commuting trips observed in practice.

Such an approach results in rent and density profiles which differ from the profiles induced by
plain urban economic theory: the heterogeneity of tastes flattens the rent and residential density
gradients, and decentralizes the city. A higher degree of heterogeneity in tastes also results in a
higher level of welfare for the representative consumer. (Anas, 1990)

However, this approach has a few drawbacks. First, rents are computed at each location as
the prices which equalize expected demand and supply of housing surface. They are therefore not
determined as the result of landlords profit-maximization, and no mechanism explains why higher
rents could not be preferred.

3See also extensions in Anas and Kim (1996) to include congestion and job agglomeration, and in Tscharaktschiew
and Hirte (2010) to include different households classes



The second drawback is deeply related to the first. It comes from the fact that, to apply this
model, it is necessary to aggregate together different locations across a city (all the locations of
a neighborhood, say). However, the number of zones, i.e. the choice in the aggregation level,
has a deep influence on the outcome of the model. A solution, introduced by Wrede (2014), is
to consider the limit in which each zone is infinitely small, i.e. to consider a continuity of taste
constant with respect to space. This approach seems promising, however the model then becomes
extremely complex from a mathematical point of view, and has only been applied so far to a
schematic city with a particular geometry (a star-shaped city).

This has another, more practical, consequence. The link between transport and rents is im-
plicitly stated in this framework, and is far from being as direct as in standard urban economics
models. To solve this model (either analytically or numerically), for each household class type,
as many equations have to be solved as there are locations in the city, because each rent level is
the solution of an equation. This makes this model rapidly analytically intractable and extensive
simulations are required as soon as the number of zones becomes big.

When such a model is calibrated on an actual city, this therefore limits in practice the number
of zones among which the city has to be divided, i.e. the spatial resolution of the model cannot
be too fine. For instance, Anas (2013) explains that when RELU-TRAN, a land-use transport
interaction model based on this framework, was calibrated on Paris urban area, it divided the city
into about 50 zones. This may be a problem when city description at a smaller scale is needed (as
a comparison, the model that we describe in Section 4 divides Paris urban area into 10000 zones).

Idiosyncratic taste constant (random utility models): Stochastic bid-rent model. Another formu-
lation, the stochastic bid-rent model, relies on a similar idea. It was first proposed by Ellickson
(1981), studied in-depth by Martinez (1992), and has been included into calibrated operational
models, especially MUSSA (Martinez et al., 2007).

It partly addresses one of the issues of the last approach: the lack of profit-maximizing mecha-
nism explaining rents formation. Actually, this formulation gives exactly identical results, in terms
of rent level and population density, as the discrete choice approach, a result proven by Martinez
(1992). It can therefore be considered more as another way to interpret a common mathematical
framework than as another framework.

As in previous case, the idea is to consider a stochastic idiosyncratic utility which differs
among locations for each household and differs among households for each location. However,
it is written in a different form. When utility U(Z,q) is deterministic, if we introduce a budget
constraint ¥ = Z + ¢.R, it is possible to write the indirect utility function, which includes this
budget constraint by expressing composite good Z as a function of income Y, rent R and housing
size g. It is then possible to build a willingness to pay function ®(u, Y, g) which is equal to the rent
R that a household would accept to pay to reach utility level u, given income Y and house size q.
In other terms, O is the function which solves the equation U (Y —¢.0,q) = u.

In the standard urban economics model, ® is households bid-rent. In stochastic bid-choice
model, we suppose that households bid with function

O=0+¢(x)

where € is, as before, a stochastic idiosyncratic taste constant. At each location, landlords
7



choose rent level as the maximum of these willingness to pay functions, i.e. maximize their in-
come. If €(x) follows here again a type 2 Gumbel distribution, then rents and population location
choices become equal to what they were is the last framework.

This approach provides an explanation of the mechanism through which rents are determined.
However, it suffers from the same drawbacks as the previous approach: it is not easy to establish
the explicit interaction between land-use and transport, the choice of the aggregation level has a
deep influence on the outcome of the model, and when calibrated on an actual city, the city has to
be divided into a relatively small number of zones.

Another drawback exists, also, because this framework only explains the relative variation of
rents across a city, but cannot determine the absolute level of rents. The mechanism considered
here to explain the determination of rents explains why rents are higher in some places than in
another, and what is the difference. However, rigorously speaking, this mechanism leads to rents
being uniformly much higher than they are in reality.

The intuitive reason is as follows. Let us suppose, as a simple case, that the city is populated by
people with the same utility function (i.e. there is only one type of household). Let us consider a
given location in the city. At this location, each household will bid for housing, and the bid will be
given by the function @. Since all households have the same utility function, the deterministic part,
0, will be the same for each of them. However, the stochastic term, €, will be different, and follows
a probability distribution. If this value follows a type 2 Gumbel distribution (or any non-bounded
distribution), there is a non-zero probability that at least the term € of one of the household is very
big. To say things differently, if the population is sufficiently large, the probability that, in any
given location, at least one person can agree to pay an absurdly large rent, i.e. has a large €(x),
may not be small. Since rents are given by the maximum of the bid-rents, i.e. by the maximum of
the &(x), nothing prevents rents from being extremely high everywhere.®

The only way to prevent this is to suppose that the stochastic term €(x) is not centered on 0,
but centered on a large negative value, which depends on the total number of households in the
city (Martinez and Henriquez, 2007). This approach is not fully satisfying as it imposes to relate
utility function of each household to the number of other households in the city.

As with the discrete choice approach, developments have taken place to improve this model,
especially through the use of game theory to add more realism to the bidding process and competi-
tion between households for the maximum bid (see for instance Chang, 2006; Chang and Mackett,
2006).

®Here is the rigorous mathematical explanation. If £(x) follows a Gumbel distribution with location parameter u
and scale parameter A (i.e. probability distribution function f(x) = K.e’x("’m.e’e%(km), then the expected value of
g(x) is E[e(x)] = u+0.5572...A (where 0.5572... is Euler constant). If there are N households, and if, for all of them,
€(x) follows the same distribution, the expected value of the maximum of the €(x) is E[maxy €(x)] = %log (N)+u+
0.5572...A. If N is large, the log(N) term can be significant.



3. A polycentric framework based on moving costs and housing-search imperfections mod-
eling

3.1. Our approach

We propose here a new approach not relying on idiosyncratic local amenities, but based on the
modeling of moving costs and market imperfections, especially housing-search imperfections. As
noted in section 2.2, this is one of the explanations proposed in the literature to explain excess-
commuting (Van Ommeren and Van der Straaten, 2005).”

The approach presented here is not meant to supplement previous approaches, but rather to
complement them. Idiosyncratic taste constant approaches model the point 4 "Neighborhood
amenity" of section 2.2. We propose here to model the point 2 "Rapid job turnover versus high
transaction costs of house relocation". Ideally, this framework should be included in a wider
framework, taking into account all five points. This would enable to analyze more finely how the
mechanisms interact, and their respective amplitude in different cities and over time.

This model is not an equilibrium model : we consider that the city never fully reaches equi-
librium, and that what is observed over the long term is steady state.® To analyze the effects of
transaction costs, we suppose that households who want to relocate compare their present utility
with the utility they could get if they relocate. Such an approach, based on household residential
search modelling, enables to take transaction costs explicitly into account (cf. Weinberg et al.,
1981; van Ommeren et al., 1997).

Finally, similarly to the approaches listed in Sec. 2.3, the model gives probabilistic results: it
does not determine the choices of each individual household, but enables to compute averages at
each location.

3.2. Principle

Let us describe briefly the intuition behind the model. We first suppose that households regu-
larly want to relocate in the city, for instance because they change job. When households relocate,
however, they can only choose among a limited number of available dwellings.

More precisely, we suppose that, from time to time, a new dwelling is proposed on the market
with a given rent. At this time, several households want to relocate : some of them might find this
dwelling acceptable, and some other will prefer to wait more time to find a better dwelling.’

Tt is interesting to note that two main empirical findings support this hypothesis: first, there is a link between job
turnover and commuting distance (those who have relatively unstable jobs are likely to have longer commutes: Crane,
1996; Van Ommeren and Van der Straaten, 2005, 2008), and, second, home-owners have higher excess commuting
levels than renters (Kim, 1995).

8Looking at steady state and not equilibrium is a convenient approach used for instance in Wheaton (1990), in a
study of the link between housing vacancy rate and housing prices.

There is another another way to consider the difference between the approach that we propose here and the id-
iosyncratic taste constant approach. The latter corresponds to horizontal sorting between neighborhoods (heterogene-
ity across individuals in preferences for specific neighborhood attributes). On the contrary, our approach corresponds
to vertical sorting (everyone agrees on differences in choices, but there is an heterogeneous willingness to pay for the
process of location optimization, i.e. for neighborhood quality versus other types of consumption).



Households behavior. Here is how this can be more rigorously expressed: when relocating in the
city, we suppose that households try to maximize their utility. Let us call U* the maximum utility
they could get in the city. Because there is a cost for households to wait for an optimal dwelling to
be available, however, we suppose that households do not automatically choose a dwelling which
gives them their maximum utility U*: we suppose that households accept to settle in a place where
they can get a utility U < U* with a probability P(U,U*), where P(U*,U*) = 1.1

Let us also suppose that, at each time step, the number of households who want to relocate is
equal to a given fraction f of households working in each job location. In this case, the number of
households working in job center i who will find acceptable a given dwelling at a location x with
a size g and a rent R is

f-Ni.P(Ui(x,q,R),U;)

where N; is the number of households working in job center i, U;(x, g, R) the utility that they could
get in x with housing size ¢ and rent R, and U;" the maximum utility they could get in the city.

Finally, let us suppose that when a dwelling is available, if several households who want to
relocate find this dwelling acceptable and therefore compete for it, then this dwelling is randomly
given to one of the competing households. In this case, when a dwelling in a location x with a rent
R is available, the probability that a household working in i moves in it is :

Pi(x,q,R) = f-Ni-P(Ui(X,q,R),U,.*) _ Ni-P(Ui(X,q,R),Ui*)
i\ q, f.):k:Nk.P(Uk(x,q,R),U]j) %Nk-P(Uk(X,q,R),UIj)

)

If rent R is the same for all dwellings at the same location (i.e. for a given x, R is given), then
after some time steps the city will converge towards a stationary state, in which Eq. 1 gives the
distribution of households at each location.

Land market clearing. Let us describe in more details landlords behavior. We suppose that each
landlord owns one dwelling. It takes housing quantity H(x), household income Y and transport
costs as given, and chooses rent R to maximize its income. More precisely, landlords maximize
their income under the constraint that their dwelling must be occupied, i.e. when the dwelling
becomes available, there has to be at least one household who wants to relocate and finds this
dwelling acceptable.

We suppose that landlords, unfortunately, have to choose rent level R before knowing which
utility levels U will be acceptable for households. These utility levels are randomly distributed,
and landlords only know their probability distribution P(U,U*): landlords have to decide the rent
R before these levels are revealed. To be sure that at least one household will find the dwelling
acceptable, landlords therefore have to propose a rent R such that, for at least one job center i,
Ui(x,q,R) =U;.

As in section 2.2, people working in a given job center j are willing to pay less if they locate
further from their job center, and there is a bid-rent ‘¥, (x, U]*) associated with each job center,
which gives rent level corresponding to a constant utility. This means that there needs to be at

10For consistency, the probability function P should also be equal to zero in places where households cannot relocate
due to budget constraint, i.e. where the sum of transport and housing costs is larger than households income.
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least one job center i for which R = W;(x,U;"), and rents will therefore be simply given by the
maximum of all bid-rent:
R(x)= max ¥;(x,U") (2)

i€Jobcenters

Similarly, we assume that when landlords choose the rent, they simultaneously choose the size
of the flats they propose on the market. They choose this size so that it corresponds to the size ¢
which maximizes the utility of the households working in job center i (where job center i is the
job center whose households have the highest bid-rent ¥;(x,U;") ).

3.3. Comparison with classical urban economics and idiosyncratic taste constant approaches

To sum things up, in a "classical" urban economics framework with several job centers, the city
is divided in homogenous zones, centered around each job center, in which inhabitants all work in
the same center. There is a bid-rent curve associated to each job center, and rents are given by the
maximum of these bid-rent curves (i.e. rents are maximum close to each job center, and decrease
when moving away from them, cf. Fig. 1a).

In our framework, rents are given by the exact same principle. They are in fact strictly equal
to what they would be in the "classical" urban economics framework. It is the same for dwelling
size per household, and, therefore, for population densities across the city. However, the city is no
longer divided in homogenous zones, as everywhere in the city coexist people working in different
job centers (it is actually well represented by Fig. 1b). At a given location x in the city, the fraction
of people working in job center j is given by Eq. 1.

These two facts (housing prices similar to "classical" urban economics framework, but land
usage impacted by the proximity to all job centers) are consistent with empirical findings (see
Muto, 2006, about Tokyo), but, to the author’s knowledge, only one study empirically addresses
this issue. These results differ from what is obtained in idiosyncratic taste constant approaches.
In these approaches housing prices are not similar to housing prices obtained in "classical" urban
economics framework, as they are for instance asymmetric around secondary business centers
(Wrede, 2014).11

More importantly, in our approach, utility of households working in the same job center is
not uniform across the city, whereas this is by hypothesis the case in idiosyncratic taste constant
approaches, and in "classical" urban economics framework. Specifically, in our approach, utility
tends to decrease whith the distance between housing and job location. Indeed, the further from a
job center, the higher the probability the highest bid-rent is not the bid-rent associated to this job
center.

In recent years, a few empirical studies have tried to measure the relationship between com-
muting and well-being, using declared subjective well being as a proxy for individual welfare.
Commuting in itself is detrimental to well-being, but these studies examined something differ-
ent. They examined whether individuals with longer commutes tend to report lower levels of life

""Two empirical articles (Osland and Thorsen, 2008; Ahlfeldt, 2011) show that gravity employment accessibility
measures provide a good explanation for land and housing prices in Berlin and Rogaland County in the southwest of
Norway. This is coherent with idiosyncratic taste constant models results. It is therefore difficult to say that empirical
findings of land and housing prices favor one approach or the other (or a combination of both).
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satisfaction, i.e. if longer commutes are compensated in some way, in the form of improved job
characteristics (including pay) or better housing prospects, for instance. Stutzer and Frey (2008)
were the first to look at this question, and found a decreasing well being with the distance between
housing and job location. They called it “The Commuting Paradox” as it it not coherent with
classical urban economics theory (and neither with idiosyncratic taste constant approaches). It is
interesting to note that such a result is conversely coherent with our approach.

It should be noted, however, that subsequent works have shown that he relationship between
commuting and subjective well-being is complex (Roberts et al., 2011) and may be affected by the
measurement method (Dickerson et al., 2014).

The best validation of the model utlimately relies in its capacity to capture commuting trips
and rent patterns in an actual city. This is what we do in the next section.

4. Calibration over Paris urban area.

4.1. NEDUM-2D model

Viguié (2012), Viguié and Hallegatte (2012), Viguié et al. (2014) and Viguié and Hallegatte
(2014) show how it is possible to capture main characteristics of a mainly monocentric city
(Paris) using a simple monocentric urban economic model with endogenous building construc-
tion (NEDUM-2D model).

To do this, several constraints have to be taken into account.

* First, the model has to accounts for land-use constraints on the Paris agglomeration (such
as, for instance, places where it is forbidden or impossible to build).

* Second, transportation costs have to include monetary costs such as the cost of gasoline and
the cost of time, and to be assessed using the spatial structure of the Paris transportation
networks (roads and public transport). Households can choose between different transport
modes (a discrete choice model is used to compute modal shares).

We use the same approach here, and show how a model based on the polycentric framework we
have presented here (and taking into account the constraints we have mentioned) can adequately
reproduce main characteristics of an actual urban area.

Model parameters (utility function coefficients etc., see Appendix A) are calibrated over the
year 2008. The model, using these calibrated coefficients, is then compared with reality for other
years, namely 1990, 1960 and 1900. This aims at partially validating that the model captures
important mechanisms driving city shape and organization.

However, this is not an actual rigorous validation, because the data used for calibration and
validation are not completely independent : we do not aim here at proving that the model is a valid
explanation of reality (we do not prove any causality), but simply that it is coherent with reality,
i.e. that it is possible to find parameters such that model simulations fit several city characteristics
and their evolution over time.

12



Data and coefficients. All data and coefficients used in the simulations are summed up in Ap-
pendix A. Total population of the city, average household size and average income are given by
French statistical institute (INSEE). To compute generalized transport prices, we used data about
walking times, actual transport times and prices in public transport (underground, regional trains
and suburban trains) and private transport (during rush hours, for an average car). At each location,
the generalized transport cost is computed for each transport mode, and a logit weighting is used
to compute the modal shares.!? In the simulations, changes in public and private transport prices
lead therefore to modal shifts.

We consider 513 job centers in the simulation. Each of them corresponds to one or several
“communes” and “arrondissements” (local administrative districts) of Ile de France region (see
Appendix A.l and especially Fig. A.6 for more details). fle de France region, which roughly
corresponds to Paris urban area as defined by INSEE (French national statistical institute) extends
far from Paris city itself. In the simulation, 20 of the 513 job centers are actually inside the
administrative boundaries of Paris city.

4.2. Detailed equations
Utility function. We model people behavior using the following utility function:

where o and  are coefficients (o4 3 = 1), g the surface of the dwelling and Z the money remaining
after the household has paid its rent and a commuting round-trip per day to its job center.

The cost of transportation includes the monetary cost of transportation and the cost associated
with the trip duration, which we consider as an actual loss of income. Such a functional form
is consistent with the fact that the share of household income devoted to housing expenditures is
relatively constant over time and space (Muth, 1969; Thorsnes, 1997).

People income constraint reads:

Y=Z+qR+T S

where Y is people income, R is the rent per square meter, and 7' transportation cost (monetary cost
added with time cost).

Rents. From equations 3 and 4, it is easy to compute bid-rents ¥ (x, U]*) associated with each job
center (see for instance Fujita, 1989) :

1

pYi—Ti(x)

¥;(x,U;) = [ a*B T (5)
J

where Y; is income of people working in job center j and T;(x) is transport cost to commute
between location x and job center j. As explained in section 3.2, at any location x, there needs

2More rigorously, at each location, the logit weighting is computed on each price divided by the minimum price at
this location.
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to be at least one job center t where U, (x,q,R) = U/*. This means that there needs to be at least
one job center r where R = W, (x,U;"), and rents will therefore be simply given by the maximum
bid-rent:

R(x) = max (Pi(x,UY)) (6)

Excess commuting. Many functions P(U;(x,q,R),U}) could be chosen. We suppose here that P
is a function of the comparison of the relative difference between U} and U; (x,q,R):

* o K
U;—Uj(x,q,R)>K X(Uj—(yj‘—’rj(x)_ll.R) (]B)
e

o e
Pj(x,q,R) =e ( Uit (vj-1jw-aR) g (7)

where A and « are scaling factors. When the difference between Uj(x,q,R) and U is small
compared to Uj(x,q,R), Pj is close to 1. On the contrary, when this difference is large, P; is close
to 0. Similarly, P; is equal to O when U;(x,q,R) = 0, i.e. when transport plus housing costs are
superior to households income (i.e. whenY; < Tj(x) + ¢.R).

Using both equation 1 and equation 7, we get:

Ny.exp (- (Ut T—aR)" f
(Yj—Tj(x)—q.R) qP
Pj(xquR) = U* (Y T( ) R)oc B K (8)
i r —Tk— 1k (X)—q. q
LN exp ( A ( (i Ti (1)~ R %P ) )
Buildings construction. We assume that absentee landowners own the land, and that they combine
land with capital to produce housing. The housing production function reads, in a classical way:

H=AL‘K"
where A, a and b are coefficients (a +b = 1), H the housing surface built, L the land suNrface
occupied by the buildings and K the financial capital used for construction. If we call H = % and

K= % housing surface and capital per land unit, the benefit of land owners reads therefore :
[MI=RH-(8+p)K

IT is the profit per land unit, p represents the joined effect of real estate capital depreciation and
annual taxes payed by land owners on the real estate capital, and J the interest rate.

The metropolitan area boundary is defined by a rent Ry, below which it is not profitable to build
housing.'? This value corresponds both to other use of the land like agriculture and to transaction
costs in the building and renting process (such as costs associated to the development of new
building sites, for instance water and electricity networks extension). We suppose that developers
can build only if R > Ry.

31t is equivalent to suppose that the metropolitan area boundary is defined by a land rent, i.e. by a condition IT > IT
where Iy = maxg (Ro.A.K* — (8+p)K).
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Developers build to maximize their profit: at each point of the metropolitan area they construct,

1.e. choose K, to maximize IT under the constraint that % ratio is limited by a land-use constraint
(see detail in Appendix A).

4.3. Equilibrium

In a classical monocentric urban economics model, the equilibrium can be obtained through a
two-step computation (see Fujita, 1989). First, based on transport costs, people utility function,
and housing production function, rents and population density are computed for every location as a
function of inhabitants (uniform) utility level. Then, if we consider the closed city case, i.e. if one
wants to prescribe what is the population of the city, an equation has to be solved: the right utility
level has to be found so that city total population in the model (i.e. the sum of simulated population
densities at each location in the city) becomes equal to the exogenous prescribed population of the
city. '

In our framework, there is a utility level associated to each job center. We consider here a
generalization of the closed city case, i.e. we consider that the number of people working in each
job center is exogenously given. Similarly to the classical case, the computation of the equilibrium
involves two steps. In the first step, rents, population density, and fraction of inhabitants working
in each job center are computed at every location in the city. These values are function of the N
utility levels associated to each job centers (see Appendix B).

This enables to compute the simulated number of people working in each job center as a
function of the N utility levels. Then, in a second step, a system of N equations has to be solved,
to find the value of the N utility levels, so that the number of people working in each job center is
equal to the exogenously prescribed numbers.

4.4. Comparison between simulation and data

Let us compare the simulation of Paris urban area evolution between 1900 and 2014 with
available data. See Appendix A for a detailed description of data used and of coefficient values.

4.4.1. Internal city structure: rents and population density

As shown in Fig. 2b the model describes the distribution of population densities across the city
in 2008 satisfactorily. Figure 2a shows that there is also a good agreement between the model and
data in terms of rents. Model and data seem to match well on the urban area scale, even if local
differences can be large, due to the lack of several locally-important characteristics (e.g., public
services supply and local amenities).

The model appears to underestimate rent levels close to Paris center, and to overestimate rents
in the close suburbs (between 5 and 20km). One reason explaining this discrepancy is the fact that
the model does not take into account income differences across the city. Indeed, rents are impacted
by local households income, and, everything else being equal, tend to be higher in a richer neigh-
borhood than in a poorer one. In practice, inhabitants income is in average significantly higher
than average close to Paris city center, and lower than average in the close suburbs (Floch, 2014):

4The other, symmetric case is the open city case in which the population of the city is not exogenously given, but
in which inhabitants utility level is given.
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(a) Rents in 2008 (Data source: CLAMEUR).
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(b) Population density in 2006 (Data source: INSEE).

Figure 2: Rents and population density computed by the model (green area) and from data. Dots
represent data for individual localities (their size is proportional to the localities populations). The
dotted line represents the average value of data at a given distance from Paris center.

the consequences of this income variation cannot be captured by the model. Correspondence be-
tween model simulation and reality is greater in Fig. 2b because local population density is less
impacted than rents by local inhabitants income.

4.4.2. Internal city structure: excess commuting

Fig. 3 compares home-work distances in the simulation and in data. In each place, there is a
mix of people working in different job centers. Simulated average commuting distance (9.5 km)
is close to average commuting distance in Paris urban area according to French population census
(9.3 km).

Fig. 3a shows for instance a map of the fraction of inhabitants working inside Paris city
(i.e. in one of the 20 job centers included inside the administrative boundaries of the city in the
simulation). This fraction is high close to the city, and decreases when moving away from it.
Similar maps can be drawn for each job center.

When averaging between all job centers, average commuting distance in each location tends
to be small in places close to major employment centers, such as Paris, Mantes-la-Jolie, Evry or
Meaux. It tends to increase when moving away from these centers. Indeed, when living close to a
secondary employment center, (i.e. a center with less jobs), a significant fraction of the population
works in one of the major employment centers, and average commuting distance can be high.

Among major employment centers, Paris itself stands out, as it represents 32% of all jobs
considered in the simulation. Therefore, in the whole urban area, average commuting distance at
each location is actually strongly dependent on the distance to Paris city. This is reflected in data
from French population census, and well reproduced by the model (Fig. 3b).

Figure 4a shows a map of commuting times simulated by the model. As for commuting dis-
tances, they mainly depend on the distance to major job centers. In total, average simulated (38
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min) and measured (34 min) commuting transport times in 2008 are very close (data source: IN-
SEE, ENTD database).

The repartitions of commuting times in the population in simulation and in data also follow
the same general pattern, with a large fraction of people with home-work transport times between
15 and 45 minutes (Fig. 4b). However, the simulation tends to underestimate both very short (less
than 15 minutes) and very long (more than 60 minutes) trips. Several reasons may explain this:
for instance, the logit function that we use to quantify population mixing may not be adequate for
large variations from average behavior (the simulation is parameterized based on average values).
Another explanation may be the fact that the model does not take into account mainly rural areas,
in which live both people with extremely short (people in the farming sector living close to their
fields) and extremely long commuting times (people living in rural areas but working in urban
centers).

4.4.3. Urban area evolution

As can be seen on Fig. 5a, the model reproduces well the current Paris urban area. Fig. 5d, Fig.
5c and Fig. 5b compare simulated urban area with actual urbanized area, in 1900, 1960 and 1990,
respectively. Because of the lack of data, we used the same transport network as in 2006 to do
these three simulations, and the description of the city in 1900 is not as good as for the following
years'>. However, large-scale trends between 1900 and 2006 are well described, suggesting that
the model captures the main determinants of city shape evolution.

5. Conclusion

Understanding households location choices and rent creation in a polycentric city is necessary
if one wants to understand to what extent it is possible to act on commuting transport demand.
There is a double challenge : one has to explain why households do not minimize their commuting
distance, and one has to explain why households with different characteristics can live at the same
location, even if rents are determined through a bidding process.

In the literature, it has been proposed that adding some qualitative mechanisms to traditional
urban economics framework could address these issues. However, only a few of these mechanisms
have actually been incorporated in this framework in a rigorous way. One reason comes from
the mathematical and conceptual difficulties arising when trying to merge new mechanisms with
Alonso’s bid-rent principle.

This is problematic, because it prevents a quantitative comparison of the importance of these
mechanisms. These mechanisms are of very different nature, and understanding their respective
influence and evolution over time for a given city is necessary of one want to be able to act on
transport demand.

We have shown here a way to add to canonical urban economics models one of the mechanisms
which had not been added previously, namely the existence of moving costs and housing-search
imperfections. This new framework is analytically tractable, and leads to rent patterns similar to

5For instance, bus and tramway networks are not modeled, whereas they were of great importance at the beginning
of the 20th century.

19



w = X i ~ N
Etampes<y “ *
* ™ ebleau="~
PRV & PR =

(b) 1990

.Etampes .Etampes

.Fontainebleau

(c) 1960 | (d) 1906

.Fontainebleau

Figure 5: Simulated urbanized area compared to actual urbanized area. Actual urban area appears
in black (Source: IAU, MOS database), whereas model simulation appears in transparent green.

20



the patterns obtained in the canonical framework. However, everywhere in the city coexist people
working in different job centers.

When calibrated, such a model appears able to reproduce main characteristics of commuting
trip patterns in Paris urban area, as well as rent levels and population densities across the city.
It is also able to reproduce the main tendencies of past Paris urban area evolution. This is a
strong argument in favor of the leading importance of this mechanism on the existence of excess
commuting, and of its leading role on overall city structure.

However, this conclusion will only be rigorously validated when the other mechanisms will be
integrated into urban economic framework in a consistent way, and the resulting model calibrated
on several cities.
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Main Data

Urban area population and number of jobs Population census (see Appendix A.1)
Maximum fraction of ground surface devoted 0.62
to housing
Households average income INSEE data (56,098 €/year in 2006)
Transport times and costs in Paris urban area cf. Appendix A.2
Interest rate d=5%
Built capital depreciation time p=0.5%
Cost associated with travel time cf. Appendix A.3
Maximum floor-area ratio cf. Appendix A.4
(a) Summary of main input data.
Calibrated parameters
Households utility function parameter =03
a=0.13,and A = 0.0051196 in 2008 (A
Coefficients of construction cost function evolves over time with income)

(see Appendix A.5)
Transport mode discrete choice coefficient 3
(logit) (see Appendix A.2)

& =0.01 and A = 1100 for all job centers
except for job centers inside Paris city where

Excess commuting scaling factor %= 1056
(see Appendix A.6)
Rent determining city border cf. Appendix A.7

(b) Summary of calibration parameters.

Table A.1: Summary of main data and calibration parameters

Appendix A. Data and coefficients

Tab. A.1 presents the numerical data we used in our simulations. In absence of adequate data
for some parameters, for instance construction costs, these parameters (‘“‘calibrated parameters’)

have been calibrated on the structure of Paris in 2008.

Appendix A.1. Job repartition

In the simulation, we consider 513 job centers (Fig. A.6). Job data is available at the “com-
mune” scale (local administrative district). To choose the job centers, we have divided the simu-
lation area into 4*4 km cells, and have considered that all jobs in these cells where located in the
center of the commune of this cell with the biggest number of jobs. For computational efficiency,
we have then discarded all cells with less than 300 jobs. Due to the large number of jobs involved,

we have also considered each “arrondissement” of Paris to be a job center of its own.
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Figure A.6: Job centers used in the simulation (the number of jobs is given for year 2007).

The number of jobs is taken from French population census for years 1968, 1975, 1982, 1990,
1999 and 2007. A linear interpolation is used for the other years. Job repartition for years before
1968 was not available. We therefore supposed that, in 1900, jobs were only located inside Paris
city. A linear interpolation is again used for years between 1900 and 1968.

The total number of jobs in these data does not play a role in the simulations. Indeed, to
take into account the fact that labor force is only a part of all city inhabitants, we homogeneously
rescale the number of jobs of job centers so that its sum over the city is equal to the number of
households in the urban area, as given by the population census.'®

Appendix A.2. Generalized transport prices

To compute generalized transport prices, we used data about walking times, actual transport
times and prices in public transport (underground, regional trains and suburban trains) and private
transport (during rush hours, for an average car). At each location, the generalized transport cost
is computed for each transport mode, and a logit weighting is used to compute the modal shares'”.

In the simulations, changes in public and private transport prices lead therefore to modal shifts.

16 je. for each year, we multiply the number of jobs of each job center by a ratio equal to the total number of
households in the urban area divided by the total number of jobs.
"More rigorously, at each location, the logit weighting is computed on each price divided by the minimum price at

this location.
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Appendix A.3. Cost of time

In the model, rents (per surface unit) decrease when moving away from the center of Paris
because households have to pay a generalized transportation cost, which is the sum of a perceived
monetary cost (interpreted here as the cost of fuel) and of the cost associated with transport time,
assuming that households do a round-trip per day towards the center of Paris. In the simulation,
cost associated with transport time represents generally the bigger part of generalized cost, and the
way we assess this cost has an important role in our results.

Numerous studies have dealt with this issue, but no conclusive result exists on this complex
subject. In Ile-de-France, French Government’s Strategic Analysis Center proposed to use net
hourly wage as an estimate for commuting time cost, but explained that the value of actual com-
muting time cost depends greatly on several factors such as households characteristics or modal
choice (Boiteux and Baumstark, 2001). For coherence with the model hypotheses, and for sim-
plicity, we have chosen this value in the simulations.

Evolution over time. We suppose in the simulations that construction costs and value of time
evolve, over time, proportionally to households average income. Concerning the cost of time, our
hypothesis is coherent with the relevant literature (see for instance Zamparini and Reggiani, 2007).

It proves difficult, however, to find analyses of long term evolution of construction costs over
time. To the authors’ knowledge, no data exist in the relevant literature. If construction price in-
dexes are measured in many countries, they are generally measured for constant-quality dwelling,
and do not take into account the evolution of preferences and construction norms. It is therefore
difficult to assess how construction costs have evolved in the past. We suppose that these costs
evolve proportionally to households income.

Appendix A.4. Maximum floor-area ratio in the center of Paris

We include in the model a constraint on the maximum density allowed. This constraint reflects
actual land-planning constraints which prevents building which are too high. Calibration process
leads to 1.5 as the value of this maximum floor-area ratio. In the simulations, this constraint is
only binding in the center of Paris.

This value may seem low as most buildings in Paris have approximately 6 floors, which would
induce a ratio of about 6 at the center of Paris. However, our ratio is only taking into account
housing surface, and not the total built surface, and the discrepancy is simply caused by built
surface intended for purposes other than housing (it includes, on the one hand, corridors and
lobbies in buildings dedicated to housing and, on the other hand, all buildings not dedicated to
housing: offices, shops, museums, train stations, office buildings, schools, universities, etc.).

Appendix A.5. Construction costs

The calibration process provides construction costs between 3500 € /m? for a housing-surface/land-
surface ratio of 1 and 4000 € /m? for a ratio of 5. We compare in Fig. A.7 the calibrated costs
to construction cost estimates from the Centre Scientifique et Technique du Batiment (CSTB),
a French public institution providing analysis and research on construction and housing issues.
These data are partial, since they are prices announced by developers in several public procurement
documents and in various estimates of building construction costs, as well as technical documents.

28



What emerges from CSTB data is an average cost of construction of 1300 € /m” before tax,
or approximately 1500 € /m? including all taxes, which increases slightly as the building becomes
higher!8. However, these estimates are quite uncertain: because of the diversity of types of build-
ings that it is possible to build, it is difficult to obtain a cost that can be used as a reference cost.
The order of magnitude of the calibrated cost seems to agree with the order of magnitude of the
data. These data present however a less convex profile than calibrated data, and are lower.

An explanation of the discrepancy may be that the so-called “actual” costs in CSTB data are
direct construction costs, while in reality developers consider also additional costs when the height
of buildings increases. These additional costs include administrative costs (building permits etc.)
and financial costs (the risk associated with a larger investment cost), and technical costs (duration
and technical difficulty of the works).(Castel, 2005, 2007)
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Figure A.7: Construction costs.

Appendix A.6. Excess commuting scaling factor

The two coefficient k¥ and A of the excess commuting probability function P (sec. 4.2) where
calibrated against the data. During the model calibration, we let the probability function be differ-
ent for each job center, i.e. we let ¥ and A differ for households working in different jobs centers.
In practice, good results were obtained with an identical ¥ and almost identical A for each job
centers: K = 0.01 and A = 1100 for all job centers except for job centers inside Paris city where
A =1056.

Appendix A.7. Urban boundary

The urban area boundary is defined by a rent Ry, below which it is not profitable to build any
housing (Sec. 4.2). In the simulation, we chose the value Ry = 10 €/ m? in 2008, and make it
evolve proportionally to income over time.

8This corresponds to physical construction costs, i.e. the price to build a given building, regardless of the cost of
land.
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Appendix B. Model resolution

Let us detail briefly the value of different variables as a function of location and of utility levels
associated with each job center, using the equations of Sec. 4.2.
Rents in the city are given by Eq. 5 and 6:

R(,Uf,...Uy) = max (a“BBY"_—W> (B.1)

where 1...N are the N job centers.
Combining 3 and 4, we get:

Yite) = Ti(x) (%)
R(x, U}, .., U3)

q(x,Uf,....Uy) =

where k(x) is the name of the job center with which the highest bid-rent is associated at location x

(i.e. the index k corresponding to the maximum in Eq. B.1).

Based on 4.2, if the constraint on % ratio is not binding, building density (housing surface

built) at each location is given by :

b
bARXU? ..U\ "a .
(PAREC=) i R, UY, 0, UR) 2 R

0 if R(x,U;,...,U) < Ry

H(x,Uf,...U) =

HxUy,....Uy)
aeUy s Uy)
Finally, the number of people working in job center j and living in location x is simply given
by:

Population density at each location is given by: n(x,U},...,Uy) =

nj(x,Uf,...,Uy) = n(x,Uy,...,Uy).Pj(x,q,R)

. N;. exp( ( ((Y 7)) q)R) qB)B)K
Y N exp( ( ch)]Bq> )

k=1..N

where both ¢ and R are functions of x, U7, ..., Uy.
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